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About the MATH AROUND US  
Erasmus+ KA2 School Partneship 

 
 

"Mathematics is the language in which God wrote the Universe" -Galileo Galilei once 
said. But Mathematics is not always a popular subject. Pupils tend to dislike it, 
especially when they fail to obtain the desired academic results, and it can cause 
anxiety and even phobia to some of them. They usually perceive it as an abstract 
subject with little application to the real life situations. The difficulties they find are not 
only due to insufficient knowledge of the elements of Maths, but also to the ability to 
transfer knowledge in order to face different situations successfully. The aim of this 
project was to convince students that MATH IS ALL AROUND US and they should 
fall in love with her. 
 
There were 8 school partners in this project from the following countries: Romania 
(European Coordinator), Denmark, Poland, Hungary, Italy, Greece, Lithuania and 
Portugal. The age of the students involved in this project was 14-18 years old. The 
total number of students involved was 4000. 
The rationale for implementing this project was simple: all partner schools wanted to 
increase their students' motivation for learning Math and Sciences in general and 
improve the score at National exams but also at PISA evaluations. In order to 
achieve these aims, Math teachers combined the compulsory school curriculum with 
more creative ways of teaching it and especially by relating each student's way of 
perceiving and learning about the surrounding world (Gardner's Multiple Intelligences 
Theory, CLIL - Content and Language Integrated Learning, Blended learning) with a 
hands-on approach to Math, by helping students to discover the applicability of the 
Math theories they learn in school for other real-life situations. 
 
Based on the SWOT analysis and the surveys carried by the partners, we put up a 
list of themes for the teaching materials, concluding the strengths and opportunities 
each country presents: 
1- Math in the Science Lab for Romania   
2- Math in Arts for  Italy 
3- Math in Music for Poland    
4- Math in Informatics for Hungary  
5- Math in Geography for Portugal 
6- Math in the Environment for Denmark 
7- Math in Archeology for Greece,  
8- Math in Astronomy for Lithuania 
 
The main objective for teachers was to create new pedagogical materials written in 
English- including strategies, tools and teaching techniques based on Math theories - 
that would motivate and empower pupils' involvement both in the every-day class and 
in project activities, according to each learning style, while nurturing their growing 
mindset, self-understanding and mutual respect. The goal was to reach all our pupils 
and help them to use their full potential, by adapting the activities to their own skills 
and strengths. 
 
The main objectives of our project were: 
1. To improve students’ skills and competences in the field of Maths 
2. To improve the score at national exams 
3. To increase students’ motivation for learning Maths 
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4. To broaden teachers’ professional skills through attending development 
workshops and taking part in peer learning and being introduced to new methodology 
5. To sharpen students’ and teachers’ communication and interpersonal skills and to 
master their linguistic skills 
6. For students and teachers involved to nurture their creativity (by designing 
scenarios in which Mathematics theories are applied to their environment, like 
architecture, music, arts, astronomy, other school subjects) 
7. For teachers to create new innovative teaching materials combining Math and 
other subjects (like CLIL and Blended learning) 
8. for students and teachers to develop and improve their ICT skills  
9. for students and teachers to develop and improve their English Language skills  
10. For all partners involved to develop their active citizenship skills, to know more 
about and respect the cultures/geography/history etc. of the other partners 
 
All partners involved in this project had a few common traits that we believe made 
this partnership successful: they all have a scientific profile for the highschool classes 
(Math, Chemistry, Physics, Biology, Economics); they have strong relations with 
universities in their cities, especially with Faculties  in the technical and Mathematical 
fields; the Math teachers in each school were all part of the project team; some of the 
teachers have already published books in the related field; all school managers were 
supportive of such projects; all schools wished to improve their students results at 
National examinations and PISA evaluations; more than 20% of the student were 
daily commuters or came from disadvantaged areas and social backgrounds 
(minorities, single-parents families, low-income families, migrants) that the schools 
wished to support in order to have better access to education and European values. 
 
Having all these aspects in mind, we believe that this project offered an innovative 
context for all teachers involved, where they were able to present and share their 
ideas and directions in teaching Math and exchange examples of good practices. 
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Colegiul Tehnic ANA ASLAN is a Technical Secondary School located 
in Cluj-Napoca, the largest city in Transylvania and the economical and cultural capital of the 
North-West region of  Romania. Our technical secondary profiles are Environmental 
protection and Chemistry. We have a total of 450 students and 45 teachers. Our students age 
is 14 to 19 years old; more than 20% of them come from rural areas surrounding Cluj, being 
daily commuters.  
 
We have a 15 years experience in European projects (Socrates, Phare, Comenius, Leonardo da 
Vinci, Erasmus+) and in the last 7 years we have experienced many positive changes: in 
September  2010 we were awarded the title of College; in April 2011, May 2014 and June 
2017 we were awarded three times in a row the title of European School by the Ministry of 
Education; besides being the European Coordinator for Erasmus+ Math Around Us, we were 
also European Coordinator for the Comenius Project Training For LIFE: Leadership 
Initiative For Europe and we were partners in three other Lifelong Learning partnerships – a 
Comenius Multilateral and two Leonardo da Vinci - a great opportunity for our teachers and 
students to get into contact and interact with different European cultures and educational 
systems. 
 
To find out more about who we are, please visit our website: http://colegiulaslancluj.ro/ 
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BIOLOGY 
NUMBERS IN NATURE 

 
WORKSHEET 1 – The Number of the Flower Petals 
 

1. Please observe the flowers in the pictures. Count the petals of each flower and write its 
number next to the picture. Does the number of petals belong to the Fibonacci 
sequence? 

_______          _______ 
CALLA -  Zantedeschia aethiopiea     LILY- Lilium Candidum 
     

 ________        _____         Piatra 
Craiului CARNATION    CLEMATIS sp. 
(Dianthus callizonus) 

         _______ 
DAISY – Chrysanthemum leucanthemum  

2. Observe the living material (flowers) on your desk. How many petals? Does the 
number of petals belong to the Fibonacci sequence? 

 
WORKSHEET 2 – The Pine cone 
 
 
 

1. Observe the images below. Color it using crayons of different colours for each spiral 
from the image. Write next to the image, the number of the resulted spirals. 

Number of spirals on the left side image ___________ 
Number of spirals on the right side image ___________ 
 

 



 8 

 
2. Please observe the pinecone located on the desk in front of you. 

How many spirals does it present, counting from left to right?  

Answer: ________ 
 
How many spirals does it present, counting from right to left?  
Answer: ________ 
Count the seeds from one spiral. How many are there? ________ 
Do all these numbers belong to the Fibonacci sequence? _________ 
 
 
WORKSHEET 3 – Branches And Leaves 
 

1. Observe the first image. Count and record on its left side the number of branches and 
on its right side the number of leaves on each of the six levels represented in the 
picture. 

 
2. Observe the second image. Write down the number of branches at each level. Do these 

numbers belong to the Fibonacci sequence? 
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WORKSHEET 4 – Sunflower 
 
 

1. Carefully observe the image below. Notice image on the left and starting from its 
centre, count the spirals from right to left. Write down the number you discovered: 
___ 

Now count the spirals from left to right and write down the number: ____ 
 
 

 
 
 
 

2. Observe the natural teaching material (the sunflower head) on the desk in front of you. 
Count the number of spirals and discover if it represents a number in the Fibonacci 
sequence. 
Answer: _____ 
 
 

WORKSHEET 5 – The Fibonacci Spiral 
 

 
In order to create the Fibonacci spiral you will need a sheet of graph paper, a ruler, a pair 
of compasses, a pencil. To draw Fibonacci spiral follow the following guidelines: 
1. Draw in the middle of the graph sheet, a small square, side= 1 cm. Draw a second 

square of 1 cm on the left side of the first square. 
 

2. Draw another square, of 2 cm above the 2 squares drawn before.  
 

3. Draw a square of 3 cm to the right, against the 3 smaller squares. 
 

4. Draw a square of 5 cm below the square of 3 cm and of the 2 squares of 1 cm. 
 

5.  Draw a square of 8 cm to the left of the 5 squares drawn before. 
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6. Draw a square of 13 cm above the 6 squares drawn before. 

 
7. In order to finish the design you'll need a pair of compasses. In every square that you 

draw, you will draw an arc from one corner to the opposite corner of the square. Each 
arc will be connected to the next one. To begin, place the compass leg that holds the 
pencil in the top right corner of the first square and then draw an arc towards the 
bottom left corner of the first square. Then, draw an arc from the bottom right corner 
of the second square towards the upper left corner. Continue to draw arcs in every 
drawn square, starting the arc from the point in which you end the preceding one. 
Continue up to the last square. 
 

8. What is the name of the resulted geometric shape? Give some examples from nature 
that follow this spiral. 
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PHYSICS 
Centre of Gravity 

 
Q: What is the Center of Gravity (CG)? 
 
A solid state can be considered as consisting of a large number of particles, each of which is 
drawn from the ground with a force that is just the weight of the respective particle, body 
weight representing the result of all of these forces of attraction. 
 
The center of gravity is the application point of mass. 
 

                           
 

Q: How do we determine the centre of gravity of a body? 
 
Determining the center of gravity can be achieved experimentally using equilibrium 
conditions, or theoretically, by using mathematical modeling and analytical tools. The use of 
one method or the other depends on the complexity of the modeling and of the mathematical 
calculation implied or on the difficulty of the experiment and the errors occurring. 

1. Applying equilibrium conditions leads to the following conclusions: 
• A body found on a plane is in equilibrium when the vertical lowered from its centre 
of gravity falls within the base of support. 

          
                 

                   
 
 

• a suspended body is in balance if the center of gravity is located on the same 
vertical of the point of attachment, below it. 
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If these conditions are not met the two forces cause a moment of the resultant force 
different from zero and thus the body rotates, it being no longer in balance. 

b. Mathematically, for a mechanical system consisting of n objects with masses m1, 
m2, ...., mn or considering that a body is made up of n objects, the position of the centre of 
gravity is obtained by vector composition of masses of all n objects is given by the relations: 
 

 
If gravitational acceleration is constant, as it is for a place on the Earth's surface, the 

centre of mass and centre of gravity coincide. 

                                                          
If a homogeneous body has a center, an axis or a symmetry plane, then its center of gravity is 
in that point, on the axis or in that plane. 

 
Students activities: 
 
Students are asked to try to maintain their balance in situations where the vertical lowered 
from the centre of gravity of their body doesn’t fall into the base of support (getting up from a 
chair with the back straight, without bending, when their feet are outside the support base of 
the seat; standing on the tiptoes while facing the wall and the tiptoes touch the wall; bending 
the body forward while the legs and buttocks are in contact with a vertical wall) 
• Students are asked to give examples that show what can be done in certain situations in 
order to maintain balance easier 
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1. Experimental determination of the centre of gravity of some bodies with a 
regular or irregular shape. 

 
Each group of students will determine the center of gravity of the bodies found on the desk. 
For this, the body is suspended in a point with the help of a pin and a thread/line with plumb 
and we draw the vertical from the suspension point. Then the suspension s changed point and 
the vertical is drawn again. The intersection point of the two straight lines is the centre of 
gravity of the body. 
 
Note: If we want to increase the precision, the body is suspended in several points. 

2. Experimental determination and calculation of the centre of gravity of a given 
body. 
 

a. Experimental determination of the centre of gravity 
 
Determine experimentally the center of gravity by suspending the body in at least 
three points and then measure x" = 

 
x" = 
 

 
 

b. Determination of the center of gravity by using mathematical calculations 

 
 
We observe that we can consider the body as consisting of two geometric 

shapes, a square and a triangle, for which we know the CG (centre of the square 
C1 and the triangle intersection medians C2). We can also observe that our figure 
has an axis of symmetry, so the center of gravity must be on the axis. 

 
  We can thus reduce the body to a system of two bodies of mass m1 and m2 
situated at the distance x1, respectively x2, from the origin of the coordinate axis 
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and the position of the centre of gravity / mass can be determined from the 
relation: 

 
Given the fact that we have a homogenous body (density ρ = const.) And 
expressing: mass m = ρ · V 

volume V = S · h    S-surface area 
h-body thickness 

 
for determining the position of the centre of gravity we obtain the relation:  

 
S1 square area, S = side2 
S2 triangle area 
 

S =
𝑏𝑎𝑠𝑒 ∙ ℎ𝑒𝑖𝑔ℎ𝑡

2  

 

Procedure: 
1. Measure the side of the square and determine x1 and S1. 

           L= 
           x1= 
               S1= 

3. Determine x2, knowing that the intersection of medians is situated on any median 
at 2/3 from the tip and 1/3 from the base (corresponding side of the median) and 
the triangle area S2 

x2= 
S2= 

4. Calculate the center of gravity position: 

  
                                   xC =    
   

c. Check if the position of the CG resulted from the experiment coincides with the one 
you calculated. If there are differences try to explain what the cause may be. 

 
III. The importance of the center of gravity in a body 
 
Centre of gravity of a body (system) determines its balance. One of the main personalities 
who distinguished in the equilibrium research was Archimedes: he determined the centre of 
gravity for bodies, he established laws for levers, he invented the compound pulley. 
The following experiments highlight the connection between the CG and the equilibrium of 
the bodies. 
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STUDENTS ACTIVITIES 
Group 1 
You have the following material: needle, candle, two glasses, matches. Insert the needle in the 
middle of the candle and support the needle in equilibrium between the two glasses. Light up 
both ends of the candle 

.  
Attention! Keep away from the candle flame! Risk of injury! 

• What do you observe? How do you explain that the candle swings while it burns? 
Group 2 
Check the equilibrium of the scheme through the following experiment: 
Materials: two forks that you insert symmetrically into a cork. At the bottom of the cork insert 
a sewing needle. 

 
Caution when handling sharp objects! Risk of injury! 

 
Support this assembly on the edge of the stand. 
• What do you observe? How do you explain the fact that the whole assembly is in 
equilibrium? 
 
Group 3 
 Check the equilibrium of the assemble through the following experiment: 
Take a metal can of 250ml. Fill a third of the dose with water. Place it on a horizontal support, 
inclined from the vertical position, trying to get it in an equilibrium position. 

• Did you make it? How do you explain that the metal can is in equilibrium? 
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 Home Assignment: Try to assemble a well-balanced set of different objects, as cleverly as 
possible. 
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CHEMISTRY 
 

Perfume Preparation 
 
A perfume is a liquid mixture of aromatic oils or aromatic compounds, fixatives and 

solvents to be used to give the human body, objects or a living space a pleasant smell. 
The history of perfume is linked to the history of civilization; we do not know the precise date 
of its invention. 
Starting with the Antiquity, perfume is, in turns, an instrument of worship, a therapeutic 
method, a hygiene or beauty habit, but in the same time, a pleasure for both body and spirit. 
Egyptians already knew the art of mixing fragrances to create complex perfumes. 
 
In the Middle Ages perfumes were considered a cure for different diseases, and the rich 
people used to carry with them bottles with amber, musk and aromatic resins to protect 
themselves against epidemics. 
In Renaissance Europe, the art of mixing fragrances often belonged to the alchemists. 
Alcohol and distillation process are discovered, thus allowing the extraction of perfumes. In 
the same time, new raw materials are discovered: cocoa, vanilla, tobacco, Peru balsam and 
pepper. 
At the end of the sixteenth century up until the eighteenth century, alcoholic perfumery 
develops: at the royal court people did not use to wash, but they used to wear very much 
perfume - Cologne, toilette vinegar, powders and scented pomade. 

 
Today the perfume industry is one of the most powerful, evolving continuously, marked 
by a strong and tough competition among manufacturers, with a market constantly 

growing and new invented formulas every year. 
Famous perfumers: Yves Saint Laurent, Helena 
Rubinstein, Helene Rochas, Robert Ricci, Charles 
Revson, Francisco Rabaneda, Manolo Pertegaz, 
Antonio Puig, Dr N.G. Payot, Estee Lauder, 
Germaine Monteil, Yves Lavin, Jean Paul 
Guerlain, Hubert de Givenchy, Max Factor, 
Christian Dior, Gabrielle Chanel, Pierre Balmain.   

Perfume composition. 
Every fragrance is composed of three types of 

notes constituting an olfactory pyramid: 
Top notes 
They are the most volatile notes, those which you sense the first time you smell a 
fragrance. 
These notes only last a few minutes, maximum a few hours. However, they are crucial in 
choosing a perfume, as they provide you with the first impression. 
Top notes are mainly fresh and tonic notes (citrus, green, aromatic) like cedar, cinnamon, 
ginger, sandalwood, vanilla, myrrh. 
 
The middle notes 
These notes start to be sensed when the top notes attenuate. 
Consisting of medium volatility components, they are generally very present in terms of 
smell, for example floral notes of jasmine and violet, and the spicy or fruity notes, middle 
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notes of a fragrance carry the identity and strength of a perfume and thet can last for 
several hours. (Cloves, anise, bay leaf, jasmine, chamomile, oregano, mint, rosemary, 
thyme, violet, sage). 

 
The base notes 
The base notes are less volatile, with consistent odor, made up of heavy scent 
components, such as sandalwood and patchouli. These notes last longer, especially on the 
clothes, up to several days in a row. (Eucalyptus, lavender, orange, lemon, rose). 
 

Fragrance Classification  
• Different types of perfume, according to their concentration: 
Concentrated perfume 20 -40% aromatic compounds; the smell lasts one to several days. 
Eau de Perfume: 10-20% aromatic compounds; it lasts for several hours 
Eau de Toilette (EDT): 5-10% aromatic compounds; it lasts between 2 and 3 hours 
Eau de Cologne: less than 5% aromatic compounds; it lasts for 1-2 hours 
 

Perfume Preparation: 
Tools needed: 

Substances needed: 
• perfume essence 
• Absolute Alcohol  
• double-distilled water 
 

Procedure: 
• Choose a perfume essence that you like. 
• Weigh X g of essence in an Erlenmeyer flask (using  the technical scale) 
• Measure Y cm3 of absolute alcohol using the graded cylinder. 
• Stir with the rod and add Z cm3 of double-distilled water, using a pipette. 

 

 
 

 

 
Erlenmeyer 

flask 
Lab Scale Graded 

cylinder 
Pipette 
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      Amounts used: 

 X (g) 
essence 

Y (cm3) 
absolute alcohol 

Z ( cm3 ) 
double-distilled 
water 

Group 1 1 22 7 
Group 2 2 22 6 
Group 3 3 22 5 
Group 4 4 22 4 
Group 5 5 22 3 
Group 6 6 22 2 
Group 7 7 22 1 

• Pour the scented liquid into a perfume bottle 
• calculate the concentration of the fragrance and establish the perfume category it belongs to 
• Label the bottle (you may also choose a name) and write the concentration on the label. 

Calculations:             

 
Perfumes are solutions of different concentrations. 
 
The percent concentration is the mass of solute per 100 g of solution. 
 
 
            + = the mass of solute essence; 
         
                               = mass of solution. 
 
where mass of solution is essentially equal to the mass of essence added to the mass of water  

and mass of alcohol: 

     

Transforming volume in mass using the density formula: 
       The density (ρ) of a body is defined as the ratio of the mass (m) 
  and the volume (V) of the body. 

 

  

me 
ms 

  ρ =  

 

ms = me+ mwater+malcohol 
 

   C % =  
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Unit of measurement: [ρ] = g/cm3 (in CGS system, i.e. Centimetre-Grame-Second);  

                             [ρ] = kg/m3 (in IS- International System);  

The following densities are given:     ρwater= 1000 kg/m3 

                                        ρethyl alcohol = 784kg/m3 

Measure units transformations: 

     1 kg= 1000 g =103 g 

     1 m3= 1000000 cm3 =106 cm3  

      ρwater= 1000 kg/m3 = 1 g/ cm3 

ρethyl alcohol= 0,784 g/ cm3 

 

Calculation of mass components: 

ρapa = mwater/Vwater   →   mwater= ρwaterx Vwater = 1x Vwater =............... g 

ρalcohol = malcohol/Valcool  → malcohol= ρalcoholx Valcohol = 0784x Valcohol = ……g 

 
Calculation of mass solution: 

ms = me+ mwater+malcohol =................ g 

Calculating the concentration of the perfume: 

C % = 100⋅
s

e

m
m

 = .................. 

Class Assignement: Depending on the concentration of perfume obtained, please determine 
the category your substance belongs to. 

 

 Health Impact: 
Among the most frequently encountered conditions: 
• contact allergy - skin irritation accompanied by itchyness and / or swelling. 
People with skin diseases (psoriasis, eczema) are advised to avoid contact with perfumery 
products. 
• triggers for asthma attacks - alongside pollution, dust, pet fur and cigarette smoke, 
fragrances and air fresheners are among the most common triggers for asthma attacks  
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Chapter 2 

Math in Arts 
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The proposed path has the purpose of analysing the 

relationships between maths and art. G. Harold 

Hardy, a great British mathematician, stated that one 

of the main features of mathematics was beauty and 

that “The mathematician's patterns, like the painter's 

or the poet's, must be beautiful”¹. Mathematics and art 

can be considered an indissoluble couple, in fact, 

there are numerous binds, facets, convergences and 

divergences, that can prove this connection. 

Moreover, there is a strong relationship between 

figurative art and mathematics as both of them are 

human creations based on fantasy and on a rigorous 

language. We would like to study exactly this 

strictness, a meticulousness that has contributed to 

create some of the most beautiful works of art and has 

influenced and moved the excellent minds of the 

greatest thinkers. The examined themes are: the proportions, the golden section and the 

perspective, with a particular attention to the theoretical treatises that have supported the 

diffusion of knowledge and have been essential references for artists and mathematicians. In 

the analysis of the art history, from the origins to the present day, it is always possible to find 

that tie, thus it has been decided to focus the attention on fifteenth and sixteenth centuries, 

with references to classical art, that has always been a source of inspiration during the 

Renaissance.  

Renaissance takes its origins in the literary Humanism of XIV century that promoted the 

“rebirth” of culture through the rediscovery of the classical world (which entails the 

knowledge and the study of Greek literature and philosophy, abandoned during the Middle 

Ages). The Humanism searches in the Latin and Greek classical cultures the foundations for 

the recovery of Man’s values interpreted in their completeness of spirit, intellect and matter: a 

new man, able to understand natural laws and to take part in history, a man capable of an 

active practice of his intellectual virtues and of putting them at the service of the community. 

For this reason, the formation of the individual must derive from the balance among the 

different fields of knowledge (literary, philosophical and scientific). The new vision of the 

world and of man is stated by Pico della Mirandola (1463-1494), an Italian humanist and 

philosopher, living and working in Florence at Lorenzo il Magnifico’s court. In his Oratio de 
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hominis dignitate (Oration on the dignity of man), considered the Manifesto of the 

Renaissance, the philosopher deals with the fundamental theme of the freedom of man that is 

exalted as a creature able to know and rule reality: “But when this work was done ( the world 

creation), the Divine Artificer still longed for some creature which might comprehend the 

meaning of so vast an achievement, which might be moved with love at its beauty and smitten 

with awe at its grandeur. When, consequently, all else had been completed […] in the very 

last place, He bethought Himself of bringing forth man[…] We have made you a creature 

neither of heaven nor of earth, neither mortal nor immortal, in order that you may, as the free 

and proud shaper of your own being, fashion yourself in the form you may prefer. It will be in 

your power to descend to the lower, brutish forms of life; you will be able, through your own 

decision, to rise again to the superior orders whose life is divine.”² 

In the figurative art, in fact, the correct proportions of human body are studied and considered 

measurement reference for everything, as mirror of perfection of all creation. The artists of 

the Renaissance needed to have remarkable technical skills and notions related to those 

branches of knowledge connected to art like mathematics, geometry and optics , thus 

Mechanical Arts acquired the same dignity as Liberal Arts. In the analysis of the features and 

the themes of the Renaissance it is clear the necessity of mathematical knowledge. The main 

themes are: the rediscovery of classical art (Greek and Roman, source of knowledge and 

normative reference for the new artistic language in which the ideals of order and rationality 

are expressed), the central role of man, the establishment of a new concept of beauty (based 

upon the application of proportional harmonic rules) and the elaboration of the linear centric 

perspective (used as representation of the space but also meant as a symbolic form). A new 

ideal of beauty is defined, conceived as harmonious and well-proportioned connection of 

forms which results in the clarity of geometry and of mathematics correlations, in the order 

given by the correspondence of harmony between the parts.  

 

“The senses are delighted by things with the right proportions” Saint Thomas Aquinas (1225-

1274) “Geometry has two great treasures: one is the Theorem of Pythagoras; the other, the 

division of a line into extreme and mean ratio. The first we may compare to a measure of 

gold; the second we may name a precious jewel.”³ Johannes Kepler 
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The new ideal of beauty that is stated during the Renaissance is based on the harmonious and 

proportioned accord of the forms. The term proportion derives from the Latin pro portione 

that means “according to the section” and refers to the correspondence of measures between 

two or more parts strictly related. Thus, these correspondences of measures are mathematical 

relationships. The proportions are applied to architecture that bases its compositional order 

and structural calculations on the exactness of the number. LINEAR AND STATIC 

RELATIONSHIPS Greeks appreciated geometry even for its theoretical interest, in fact, some 

philosophers like Pythagoras (570 -490 BC) and Plato (425-327 BC), considered geometry an 

important intellectual instrument and for its purity and abstract nature they believed it akin to 

metaphysics and religion. Around 300, BC Euclid collected in a systematic form the main 

geometrical discoveries of his forerunners in the essay "Elements" (in 13 books) that has 

influenced the entire Western scientific thought. From the study of numerical laws which 

regulated the musical harmony, the Pythagorean school discovered some morphological 

principles of general nature (general principles), which soon became the compositional rules 

of every type of art, in particular that which dealt with the construction of sacred structures. 

Greeks noticed that if we make vibrate two taut strings, one of which is twice the length of the 

other, the sound of the shorter will be one octave higher than that of the longer one. This 

numerical ratio, in Greek diapason, is written 1: 2 (one to two). The audible harmony, 

generated from a set of notes well combined, is transformed into visible harmony through 

well-designed forms in an architectural building. The numerical ratios most commonly used 

are the unìsono (1: 1), the diapason (1: 2), the diapènte (2: 3), the diatèssaron (3: 4). As a 

result, designing or creating a building facade whose height is twice its width will create a 

harmonious construction that makes the musical harmony of the diapason visible. Music was 

studied in relationship with mathematics, astronomy and geometry. 

In order to research and create beauty it was necessary to find the right numerical ratios 

among the parts of an object or of human body. The revival of the classical formal models 

corresponds to the recovery of the canon, that is a formula, a set of rules which the artist 

depends on. The canon is a system of proportional relations among the whole structure and its 

single parts and between the structure and the space. The architectural canon had a 

mathematical nature and was applied both to buildings in their whole and to their parts as 

columns, capitals, cornices and tympanums. The module was at the base of everything, in 

other words it was an element established as reference measure for the proration of the 

building (generally in Greek architecture the module was the diameter of the column at the 

base : the lower scape, or sometimes the space dividing two columns : intercolumniation). 
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The proportions derived from the repetition of the form (multiple) or its division 

(submultiple) and were expressed as ratios of integers or fractional numbers. 

In mahematics an integer a is multiple of another integer b if there is a third integer c such that 

moltiplied by b results in a. Thus a is multiple of b if and only if a c exists such that a = c x b 

The product of two integers is called integer multiple Submultiple of a quantity is each 

quantity contained an integer of times in the given quantity : 3 is a submultiple of 9 (See 

exercises) 

Filippo Brunelleschi (1377-1446) skilled Florentine architect, enthusiast of mathematics, 

painting and sculpture, great connoisseur of the classical art shows interest in such 

proportions, in fact, in the construction of the Spedale degli Innocenti (The Hospital of the 

Innocents) he applies a clear modular principle based on a simple geometrical logic. Since the 

second decade of the fifteenth century, his activity focuses on the architectural design and on 

the theoretical reflections in the field: we owe to him the elaboration of a new project system, 

based on geometry and on the modularity of the structures, in addiction to the “discovery” of 

the central linear perspective and the recovery of the principles of classical architecture. The 

ideal of beauty expressed by Brunelleschi is strictly connected with the aesthetical principle of 

the classical measure together with the clarity of composition and with the order among the 

parts granted by the adoption of the module, which determines the dimensions of the totality 

for multiples and submultiples. The clarity of Brunelleschi’s architecture also depends on the 

use of linear geometrical elements like columns, trabeations, archivolts, that are highlighted 

by the use of “pietra serena” ( a bluish sandstone used in Tuscany) . The architectural orders, 

the mouldings, the tympanums, the columns and the pilasters strips are composed by creating 

rhythms based on the basic geometrical forms of the circle and of the square. 

To this work, Lo Spedale degli Innocenti (The hospital of the Innocents, so named because in 

the Hospital children abandoned by young unmarried mothers were hosted) begun in 1419, 

Brunelleschi worked until 1423, then other artists completed it. The building stands on a 

staircase consisting of nine steps and nine are the arches of the porch located in the lower 

portion of the building. 

The golden section 
In addiction to linear and static relationships derived from integers and commensurable 

numbers, Greeks also knew dynamic correlations which produced irrational values. The latter, 

as irrationals numbers were not known, were obtained through geometrical procedures. 

During the Renaissance this proportional rule was defined “divine proportion” which 

corresponds to the modern definition of golden section. THE GOLDEN SECTION Nowadays 

more than ever the world we live in is passionate about numbers, in particular there is one 
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among these worthy of attention. It is an irrational number, particularly interesting: 

1,618033988. This figure has fascinated 

throughout history brilliant minds. For centuries 

this number has been called by seductive names 

as golden number, transcendental proportion, 

divine number, divine proportion, etcetera. The 

golden number, which is represented with the 

Greek letter ф (phi), belongs to a region made up 

of connections and unbelievable and unexpected 

numerical properties. One of the wonders of the 

golden proportion is its unlimited capability of 

creating figures of great beauty and bewildering 

properties as the right-angled polygons ( whose 

sides respect each other the divine proportion) or the regular polygons (like the pentagon and 

the various figures that originate from it), or else the spiral. The divine number is 

mysteriously linked to concepts of beauty and perfection, in fact, for some unknown reasons, 

all the geometrical figures that respect this proportion are particularly pleasing to the eye. 

Probably the golden number was discovered by the Greeks ( but perhaps used even before), 

the symbol (Phi) ф, with which today we identify it, was given just at the beginning of the XX 

century when the American mathematician Mark Barr suggested that the number should be 

linked to Phidias, taking the initial of his name.  

Euclid’s definition of the golden ratio is the following: ”Straight line is said to have been cut 

in extreme and mean ratio when, as the whole line is to the greater segment, so is the greater 

to the less”. The famous golden number shows exactly this mean and extreme proportion. The 

ancient architects had to achieve the Symmetry (“harmony of measures”) through the 

repetition of certain privileged proportional ratios which would have produced and 

characterized the Eurhythmy (“harmony”) effect among the lengths, the surfaces and the 

volumes of the construction, in its entirety as well as in its single parts. The compositional 

technique was that of regulatory plans, of the refined geometrical constructions that started 

from an initial form, the square, to identify, through simple projections and overturnings, all 

the principal lines of the construction, in the plans and in the elevations. In 1509 Luca Pacioli, 

an Italian religious , mathematician and economist, devoted an entire treatise to the golden 

number, De Divina proporzione ( The Divine proportion). It is an immense work on 

Euclidean geometry that deals with the golden section, the architecture of the regular 

polyhedrons and of those derived from them. In geometry the term proportion means 
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matching measurement between two elements in relation to each other; the proportion of a 

geometric figure, then, is defined as the relationship of the ratio among the parties and it is 

identified with the mathematical formula A : B. It usually has two meanings, one quantitative 

and the other aesthetic, because despite being mathematically defined, it also has the ability, if 

applied to objects that strike the senses, to make them beautiful and pleasantly harmonious. 

Calculation of the golden section given a segment AB (Ex. 4,9,11, Table 2) The golden ratio 

is the link between a segment and its part which is proportional mean between the segment 

and the remaining part. In this section the length of the two parts A and B is mean and 

extreme ratio of the entire segment A + B; it is the only section in which A: B = B: (A + B). 

Given the value 1 to the segment AB, the section AX will be an irrational number that has the 

approximate value: 0,618033988 AB : AX = AX : XB Construction of a golden rectangle 

(Ex.2, Table 5- Ex.6, Table 3) The rectangle that can be obtained from the transformation of 

the square (regular geometric figure which is characterized by a static nature as it retains all 

the symmetrical properties and it is based on the modular repetition of its elements: the side 

and the diagonal) is a geometric figure which is marked by dynamism as it develops the two 

directions of the axes according to the proportions and not to the equality. A rectangle whose 

sides correspond to the values of the golden section is defined “golden rectangle”. Adding or 

subtracting to the golden rectangle a square whose side has the same length of the longer side 

of the rectangle, an infinite sequence of rectangles with 1,618 increase is generated. If you 

draw a square of height 1 divided into two rectangles by the vertical median, the diagonal of 

one of the rectangles will have ratio 5 and overturned on the extension of the side, it will 

define the golden rectangle  

The golden number and the regular pentagon Looking at a regular pentagon on which the 

diagonals were drawn and examining the isosceles triangle ABD, we may notice that the 

diagonals DA = DB are in the golden ratio with the base AB. Tracing the bisector of the angle 

A we obtain the triangle ABF. This has the same angles as the original ABD and therefore 

both are similar. If we continue with this process, bisecting the angle A, we will have the 

triangle BGF which will be similar to the previous two. Hence we can still say that the 

relationship between the diagonal and the side of the pentagon is ф. The golden triangle From 

the construction of the pentagon it is possible to obtain the golden triangle, that is an isosceles 

triangle with base angles 72 ° and the other angle 36 °. The base is the golden ratio of the 

equal sides. The pentagon and its diagonals form two kinds of isosceles triangle. The first has 

the angles 36 °, 36 ° and 108 °, while the second 36 °, 72 ° and 72 °, in both cases, the ratio of 

the longest side to the shortest is equal to ф. If we take into account the pentagon and the 

triangles that are created by drawing the diagonals, we can see that there are only three 
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different angles: 36 °, 72 ° and 108 °. Since 72 is twice 36 and 108 is three times 36, all of 

them result multiples of 36. 

The influence of the golden section and its several expressions can be already found in the 

classical Greece, but its historically registered connection with art started during the 

Renaissance, with the beginning of a rigorous theorization of the creative act. The particular 

passion of the Greeks for the geometrical harmony has shown, at times illegitimately, the 

presence of the golden ratio in several works of art of the antiquity. Polykleitos, The Elder 

(Argos - V century BC) was a great master of the Peloponnese school in the golden age of 

classical art , in particular he stated the ideal of the human figure. The artist collected his 

precepts of statue making art in a treatise that he titled The Canon ( from the greek Kanòn, 

rule or norm). In the definition of beauty he did not draw inspiration from the severity of 

gods, but from the human figure and its beauty. Man, central subject of his sculpture, is 

represented through the combination of ideal forms. The lineaments are clearly based on the 

observation of actual models but they do not result in portraits as they are referred to models 

of ideal proportions. In his famous sculpture Doryphoros both the canon rules and the golden 

ratio norms find applications. 

Polykleitus suggests the subdivision of the human figure in eight parts, each one as high as 

the head dimension. According to Polykleitus’s canon, every element of the human body must 

be represented proportionally to all other elements. The bust must corresponds to three heads 

and the legs to four heads ( in fact 1+3+4=8). His work, considered revolutionary by his 

contemporaries, introduced the scheme of the X balance ( chiasm), that is the inverse 

correspondence among the parts of the body ( in particular between opposite arm and leg). 

From this scheme derives the principle of the ponderation that indicates the harmonic 

coordination among the various limbs, in a natural distribution of weights. The artist brings 

together in a single statue both the sense of movement and that of stasis. 

In order to describe the concept of proportion Vitruvius in his treatise De Architectura (On 

Architecture, I century BC) refers continuously to the example of the human body, and in the 

III book he writes about the symmetry and the proportions of an architectural building, based 

on human body proportions: “The planning of temples depends upon symmetry….. It arises 

from proportion … Proportion consists in taking a fixed module, in each case, both for the 

parts of a building and for the whole, by which the method of symmetry and proportion is put 

into practice. For without symmetry and proportion no temple can have a regular plan; that is, 

it must have an exact proportion worked out after the fashion of the members of a finely-

shaped human body… Now the navel is naturally the exact centre of the body. For if man lies 

on his back with hands and feet outspread, and the centre of a circle is placed on his navel, his 
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figure and toes will be touched by the circumference. Also a square will be found described 

within the figure, in the same way as a round figure is produced. For if we measure from the 

sole of the foot to the top of the head, and apply the measure to the outstretched hands, the 

breadth will be found equal to the height, just like sites which are squared by rule”.⁴ On this 

passage is based Leonardo’s Vitruvian man, synthesis of the harmonious and anthropocentric 

vision of the world during the Renaissance. Leonardo was able to represent in a singular 

illustration these three forms, the human figure, the square and the circle, relaying on the 

principle that the square and the circumference have different centres. The ideal proportions 

of the human body deriving from that figure correspond to the golden ratio of the square side 

to the circle radius. In this way geometry, thanks to the golden proportion, was able to connect 

technique and beauty. Leonardo’s illustration proposes simultaneously the optic illusion of 

two transparent overlapping images reminding the dynamic evolution from a position to 

another. Total height = distance between the tips of the fingers of the two hands with open 

arms = 8 palms = 6 feet = 6 faces = 1,618 x height of the navel (distance between the ground 

and the navel) 

Leonardo’s Vitruvian Man was conceived according to the canon of human proportions that 

the famous Roman architect of the I century had postulated as introduction to his architectural 

theory. In the architecture of the Renaissance, in fact, Vitruvian theories were applied and 

were considered fundamental by several artists who were inspired to him. The Vitruvian 

principle of proportions, derived from those of human body, can be easily found in the 

drawings that complete the Renaissance treatises. For example such an influence is present in 

the drawings by Francesco di Giorgio Martini, a Sienese architect that accomplished the 

Ducal Palace of Urbino commissioned by Federico da Montefeltro. There it is evident that the 

human figure if represented with the arms behind his back, determined the proportions of the 

plan of a church, as well as the human body, if represented with open arms, determines the 

height, the shape and the various parts of the facade. In the III book of his Treatise of civil and 

militar architecture, written at the court of Federico da Montefeltro in Urbino, in 1480, 

Francesco di Giorgio Martini deals with the theme of the form of the city developing a wide 

collection of urban schemes. All his cities have a radial plan, sometimes enriched with 

checkboard grid patterns somehow a heritage from ancient structures. With his design of the 

ideal city based on the proportions of the human figure, the architect confirms his classical 

formation, he asserts, in fact, that the square should be placed “in the middle and in the very 

centre of it like the navel in the human body” 

Luca Pacioli and Leonardo da Vinci were the main responsible for the inclusion of the golden 

number in the orbit of beauty and art; during the Renaissance the golden ratio was the subject 
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of particularly in-depth studies. In fact, in 1509, in Venice, Luca Pacioli published De Divina 

Proporzione (The Divine proportion) of 1498. In the text the proportions that we must follow 

to reach the perfection of beauty are asserted, exposed in the form of reflection on geometry. 

Actually the first artist to be interested in a particular way to geometry and to the "Platonic 

solids" was Piero della Francesca (1416-1492) who towards the end of his life replaced the 

artistic activity with the writing of several treatises about maths and perspective. The 

franciscan friar Luca Pacioli can be considered the divulgator in vernacular of the previous 

mathematical treatises and the work which had a deep impact on his contemporaries was the 

above mentioned De divina proporzione, illustrated by Leonardo da Vinci. Leonardo da 

Vinci, illustrations. The empty dodecahedron and the solid dodecahedron , for the edition of 

De Divina Proporzione by Luca Pacioli Leonardo in his drawings 

and manuscripts (collected in ten codes preserved in various 

European museums) also theorizes his beliefs about the art of 

painting, defending and supporting the fundamental connections 

between painting and mathematics. In his Treatise on Painting, 

written in 1498 , we can read: "None, except a mathematician 

should read my works." Today these illustrations, together with 

the ideal man, are considered authentic icons of a forma mentis 

that combines the artistic sensibility to the scientific one. 

Leonardo knows how to apply the scientific knowledge of 

human proportions to Pacioli’s and Vitruvius’s studies about 

beauty. Leonardo has a dynamic vision of geometry, in his 

opinion solids are in a continuous transformation, rectangles 

change into squares as well as cubes into parallelepipeds and pyramids, moreover the 

rectilinear motion can become curved.  

The perspective 
The perspective, fundamental innovation of the artistic research of the fifteenth century, 

enables to represent reality in a plausible way, as it highlights the depth of the real space and 

the relationship among all the elements that are inserted in it. In ancient times and throughout 

the Middle Ages, there is no differentiation between the perspective and the optics as both 

terms referred to the science of vision. The term perspective is used for the first time by Piero 

della Francesca in his treatise De Prospectiva Pingendi ( On Perspective for Painting, 1475) , 

as derivation of the term “perspectiva” used to indicate Optics. During the Renaissance, the 

term acquires the meaning of Science of representation, still in use today. It comes from the 

Latin perspìcere meaning "to see clearly" and this term exactly indicates one set of projections 
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on a two-dimensional plane (i.e. characterized by two dimensions, length and height) of 

threedimensional objects 

(characterized by three 

dimensions, length, height and 

depth). The perspective graphic 

process realizes the 

representation of any object or 

of a set of objects on a sheet, so 

that the drawn image is as 

similar as possible to that really 

perceived. Filippo Brunelleschi, 

in 1413, discovered the 

geometrical rules of perspective 

representation and verified in 

practice the rules of perspective, using two tablets (prepared by himself but lost), built on an 

optical device. In the first (a front view of the Baptistery of San Giovanni) the geometric rules 

of central perspective were depicted, while In the second one (an angular view of Palazzo 

Vecchio) the rules of two-point perspective were used.  

The long lasting operations necessary for the implementation of a perspective through 

Brunelleschi’s construction were greatly simplified and reduced in number by Leon Battista 

Alberti, the great humanist, painter and architect who was responsible for the process of 

perspective that became known as costruzione abbreviata (shortened building ) exactly to 

underline the greater speed of execution. Alberti in 1435 completed the first Latin treatise on 

perspective, De Pittura ( On Painting) and translated it into vernacular the following year, 

dedicating it to Brunelleschi, recognizing, in this way, his priority in the discovery of 

perspective. 

1- The base of the square is divided into parts, corresponding to the measure of the arm of a 

man (and equivalent to a third of his height). The height of the man on the picture plane is the 

level of the horizon. 2 – The vanishing point or vanishing focus is identified and the points 

corresponding to the divisions in intervals of the base are converged to it , in order to trace the 

orthogonals. 3 – Laterally, the lines are drawn, starting from the divisions of an arm at the 

base of the painting, up to converge to the external distance point which constitutes the ideal 

distance of the observer from the painting. In this way the points of intersection on the base of 

the square are found. 4 - On one of the vertical sides of the framework are reported the heights 

of the points of intersection drawing the horizontal divisions of the slabs of the floor. 
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In 1525 Albrecht Durer suggested a very 

"practical” definition of perspective: the 

artist observes his subject placing his eye 

in a particular position (point of view) and 

looks at it through a window (or frame) in 

which wires are pulled to form a grid. By 

reproducing each square of the grid, 

always viewed from the same point of 

view, a representation of the subject “in 

perspective" is obtained. On the left it is possible to see the woman to be portrayed, while in 

the middle there is a frame in which the grid used to represent each single square is inserted . 

The artist, on the right, observes the subject from a precise point (the tip of the obelisk that is 

in front of his eye) and depicts the subject on the paper proposing the same "squares" that he 

sees in front of him. The perspective uses a monocular vision (concerning one eye) and not a 

stereoscopic vision (which is obtained from a binocular vision, that is through both eyes). All 

the horizontal lines parallel to the painting and equidistant (which have the same distance) 

remain parallel, but their mutual distance decreases with the increasing of the distance from 

the painting. All the vertical lines parallel to the painting remain vertical, mutually parallel 

and if they lie on a plane parallel to the painting they maintain their reciprocal distances 

unchanged; on the other side, if they approach with progression towards their vanishing point 

their mutual distance decreases. 

Multiples and Submultiples TABLE 1  

Exercise 1: Establish without performing the division which numbers are multiples of 3 and 5 

and give reasons for your reply:  

a) 125  

b) 111  

c) 147  

d) 1005  

• Exercise 2:1 km² of young forest produces about 2.5 · 10⁵ kg of oxygen a year. How 

much oxygen is produced in 1 m² of young forest?  

• Exercise 3: A bottle of mineral water which has a volume of 1.5L is used to fill a 

small children's pool with a volume of 3 m³. 1. How many bottles are used? 2. To fill 

the bottle and empty it into the pool it takes 2 minutes. How long would it take to fill 

the pool? 39 Multiples and Submultiple 
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 TABLE 2  
Exercise 4: A bicycle pump is essentially formed by a cylinder of diameter 2.0 cm and 30 cm 
long. A cyclist inflates a wheel pumping at a rate of 25 times per minute. - What is the volume 
of the air pumped every time? - What is the volume of the air pumped per second? - Is the 
volume of the air pumped every second a unitary quantity? Suppose that the air pumped into 
the wheel is compressed to half its original volume. - What is the relationship between the 
density of the air in the pump before compression and the one in the wheel? 
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Chapter 3 
Math in Music 
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Our school has a long history. In 1791, when it was founded, there 
were 106 students. At first, the school was located in the building of 
the town hall. The number of students was increasing; in 1908 there 
were 650 students altogether. Due to the poor condition of the 
building, the authorities decided to build a new school. The building, 
which was erected in 1927, is now the primary school. In 1989 the 
school was extended. Now there are two separate buildings joined by 
a long corridor and that makes our school the biggest in the 
municipality of Głogów Małopolski. 

Our school community consists of 937 students and 80 teachers. 
We try to follow the teaching of the school’s patron, Cardinal Stefan Wyszynski, who was a 
man of great wisdom and generosity. The role of our school is to foster values such as 
commitment, empathy, helpfulness, honesty, and responsibility.  
Our school offers a wide range of extracurricular activities including an archery club, a folk 
group, and sports teams. We are proud of keeping a high level of education, innovative 
approach to teaching, preserving traditions and openness to the future.  
It has always been important to our school to establish and develop international relationships 
in order to give the students the opportunity to broaden their experience and knowledge. We 
were partners in several projects including the Comenius Project “Training For LIFE: 
Leadership Initiative For Europe”.  
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“There is geometry in the humming of the strings, there is music in the spacing of the 
spheres.”  

Pythagoras 
 
 
The presence of mathematics is everywhere. Its application reaches far into other disciplines 
including music. Although music is thought to be artistic and expressive and mathematics is a 
scientific study, both are connected.  
The two disciplines have been interlinked throughout history since antiquity. Pythagoras, 
Plato, Aristotle not only began to study mathematics and music, but they were the first ones 
who considered music to be a part of mathematics. It was Pythagoras who realized that 
different sounds can be made with different weights and vibrations. This led to his discovery 
that the pitch of a vibrating string is proportional to and can be controlled by its length. 
Strings that are halved in length are one octave higher than the original. In essence, the shorter 
the string, the higher the pitch.  
Music itself is very mathematical. The scales and the rhythms, the design of the instruments, 
intervals, patterns, harmonies, overtones, tone, pitch – they are all connected to mathematics.  

 
THE MÖBIUS STRIP 

DISCOVERING THE PROPERTIES OF THE MӦBIUS STR 
 
ACTIVITY 1 
1. Take a piece of paper and make a ring out of it.  
2. Join the two ends together.  

Does this loop have an inside? Does it have an outside?  
How many edges does it have?  
3. Draw a line in the middle around the ring.  

What is going to happen if we cut along the line? What shape do you think the paper will look 
like after you cut it? 
4. Cut the ring along the line and confirm your predictions. 

 

 
 
ACTIVITY 2 
1. Take another strip and give it a half-twist. 
2. Join the two ends together. The shape is called the Mӧbius strip. 

Does it have an inside? Does it have an outside?  
How many edges does it have?  
3. Draw a line around the middle.  

What is going to happen if we cut along the line? What shape do you think the paper will look 
like after you cut it? 
4. Cut the loop along the line and confirm your predictions. 
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ACTIVITY 3 
1. Make two Mӧbius strips. One has a clockwise twist in it and the other one has an anti-

clockwise twist in it. It’s important that the twists go in the opposite direction.  
2. Glue the two strips together at right angle.  
3. Cut both loops lengthways down the middle.  

What shape did you get? 

 
 
ACTIVITY 4 
1. Make a Mӧbius strip but instead of making one twist, make two.  
2. Cut the loop lengthways down in the middle. 

What shape did you get?  

 
 
ACTIVITY 5 
1. Make a Mӧbius strip but this time use a wider piece of paper. 
2. Cut the loop lengthways around the edge (about a third of the way in from the edge) 

What shape did you get? 

 



 38 

Summing up, the Möbius strip has several curious properties. A line drawn starting from the 
seam down the middle meets back at the seam but at the other side. If continued the line meets 
the starting point, and is double the length of the original strip.  

Cutting a Möbius strip along the center line with a pair of scissors yields one long strip with 
two full twists in it, rather than two separate strips; the result is not a Möbius strip. This 
happens because the original strip only has one edge that is twice as long as the original strip. 
Cutting creates a second independent edge, half of which was on each side of the scissors. 
Cutting this new, longer, strip down the middle creates two strips wound around each other, 
each with two full twists. 

If the strip is cut along about a third of the way in from the edge, it creates two strips: One is a 
thinner Möbius strip – it is the center third of the original strip, comprising 1/3 of the width 
and the same length as the original strip. The other is a longer but thin strip with two full 
twists in it – this is a neighbourhood of the edge of the original strip, and it comprises 1/3 of 
the width and twice the length of the original strip. 

 
REAL LIFE APPLICATION, VARIATIONS OF THE MӦBIUS STRIP 
 

 
THE MӦBIUS 

STRIP AND 
MUSIC 

J.S. Bach’s “Musical Offering” including the canon called "Quaerendo invenietis” is the 
musical version of the Mӧbius strip. It is made of two complementary, reversed musical lines. 
It was designed to be played forwards and backwards at the same time.  
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MOZART’S MUSIC 
FUNCTIONS AND PERMUTATIONS 

MOZART’S PIANO SONATAS AND THE GOLDEN SECTION 
 
The golden section is thought to offer the most aesthetically pleasing proportion. Such elegant 
proportions can be found in Mozart’s music, especially his piano sonatas. Sonata forms 
consist of two parts: the Exposition introducing the musical theme and the Development and 
Recapitulation in which the theme is developed and then presented again giving a 
straightforward image of the exposition.  
Did Mozart divide his sonatas according to the golden ratio, with the exposition as the shorter 
segment and the development and recapitulation as the longer one?  

 

The above table shows the number of measures of the various parts of Mozart’s sonatas. 
Show the given data using a coordinate system. In the first diagram, each piece of music will 
be represented by the point with coordinates (a, b). In the second diagram, show the 
corresponding data for coordinates (b, a + b). 

1. In both charts, try to draw straight lines passing through the greatest number of the 
given points. 

2. Calculate the slope angles of the straight lines with the ox-axis and read the value of 
the tangent in mathematical tables. 

3. Write the formula for the established linear function. 
4. What does the value of the tangent of the given angle remind you of? 

Functions 

Exercise 1 
Make graphs of the following functions: 

a) -2x+1 if x < 1
-x if 1≤ x ≤4

 

 

b) 
x+1 for x ≤ 0

2 for x = 1
0 for x = 2

 

KV Exposition 
a 

Development and Recapitulation 
b 

Total 
a+b 

279 I 38 62 100 
279 II 28 46 74 
82 II 39 63 102 
283 II 14 23 37 
309 I 58 97 155 
311 I 39 73 112 
330 I 58 92 150 
333 I 63 102 165 
333 II 31 50 81 
533 II 46 76 122 
545 I 28 45 73 
547 I 78 118 196 
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Exercise 2 
Write down the right formula for the linear function, whose graph is parallel to the graph 
of a function y = /

0
 x – 7 and goes through the point A = (15, - 3). 

Exercise 3 
Write down the right formula for the linear function, whose graph is perpendicular to the 
graph of a function y = - /

1
	x + 2	and goes through the point A= (-3, 1). 

Exercise 4 
Which values of parameter m the function y = (2m + 4)x - 3 is: 
a) increasing function, 
b) decreasing function, 
c) constant function. 

Exercise 5 
Formulas y = /

1
 x – 1 and y = /

1
 x + 5 describe two straight lines. Give examples of two 

functions, whose graphs are parallel to those straight lines and lie between them. 

Exercise 6 
Write down the formula for the linear function, whose graph cuts the OY axis in the point 
A=(0, -/

4
) and number /

/5
 is the zero locus. 

Exercise 7 
Draw the circle in coordinate system with the center in point S = (3, 0) and the radius r = 
5, then its chord AB, where A = (-2, 0), B = (0, 4). Next, find the right formula for the 
function which has the graph with the line containing the diameter of the drawn circle, 
parallel to AB chord.  

Exercise 8 
Lines y = a1x +3 and y= a2x + 7 cut in point (4, 1). Calculate the triangle’s area, which is 
bounded with those lines and the OY axis. 

Exercise 9 
Calculate the triangle’s area bounded with axes of coordinate system and the line y = - /

6
 x 

-6. 

Exercise 10 
Prove that point (0, 0) is the only one in both rational coordinates which belong to the 
graph of the function y = 2 x. 

Exercise 11 
Solve graphically inequalities composition: 

x + y > 3
4x - 2y > 6 
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MOZART’S MUSICAL DICE GAME 
 
Wolfgang Amadeus Mozart was known for his sense of humour. One of the examples would 
be his work "Musical dice game", which was published after the author's death. Mozart’s dice 
game is a method for generating sixteen-measure-long minuets. There are 176 bars grouped 
on two boards. The bars are arranged in 11 rows and 8 columns. Playing a 16-bars piece of 
music takes about half a minute. For each measure, two six-sided dice are rolled, and the sum 
of the dice used to look up a measure number in one of two tables (one for each half of the 
minuet). The measure number then locates a single measure from a collection of musical 
fragments. The fragments are linked together, and “music” results. 
a) How many different minuets can be generated using Mozart’s rule? 
b) How long would it take to play them all? 

Exercise 1 
The melody that consists of four different 
notes has been written on a stave. Draw a 
stave and write the same four notes in any 
other order. How many different melodies can 
thus be written? 
We say that we have generated the 
permutation of the elements of a certain set, 
when we arrange all the elements of this finite 
set in a certain order. 
Here are given all the possible permutations of a three element set 

 
 

When we generate a permutation of an n-element set, the first element can be selected in the n 
- ways, the second in n-1 ways, the third in n-2 ways etc., thus, the number of all such 
permutations is: 

𝑛 ∙ 𝑛 − 1 ∙ … .∙ 2 ∙ 1 
The number of permutations of an n-element set is n! 

Exercise 2 
Write down a few permutations from the letters in the word "MONDAY". How many 
different permutations can be made? 
Note: Decide on, in how many different ways you can select the first letter, the second 
letter etc. 

Exercise 3 
In how many different ways can ten weekly magazines be arranged by a shop assistant? 

Exercise 4 
How many six-digit even numbers can be made using the digits: 0, 1, 2, 3, 4, 5 if each 
digit is used only once? 

Exercise 5 
Out of the notes that have 
been written on a stave take 
any three and write them 
consecutively on a stave. 
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Think of how many different melodies can thus be created? The notes cannot be repeated. 
When we take k different elements from a set and put them in a certain order, we say, that 
we have obtained k-combinations without repetition of the given set. 
These are all 2-element combinations without repetition of the set  

 
 

Exercise 6 
Write down a few 4-element combinations without repetition from the letters in the word 
„MONDAY”. How many different combinations can be made? 
Tip: The first letter can be selected in 6 ways, the second in 5 ways, the third in 4 ways 
etc. 
When we generate a k-element combination without repetition of an n-element set, the 
first element can be selected in the n - ways, the second in n-1 ways, the third in n-2 ways 
etc. The last k-th element can be selected in n – k + 1 ways. Thus, the number of all such 
combinations is:  
 
 
The same number can be written in a different way:  

n!
n − k ! 

 

Exercise 7 
Justify the equation:  

n!
n − k !	 = n ∙ n − 1 ∙ n − 2 ∙ … ∙ n − k + 1  

 

Exercise 8 
Write fractions in their simplest form. 

 
a) /5!

/1∙/5
	=  b)(@A/)!

@!
 =  c) (@C1)!

(@C5)!
 = 

 

Exercise 9  
In how many ways can three student-government members (chair, secretary and treasurer) 
be elected from 25 candidates?  

 

Exercise 10 
A, B, C need to be coloured, so that no two 
adjacent areas have the same colour. In how 
many ways can you colour each of them if 
we use: a) three colours b) four colours? 
….....................................................................
.................................... 

  n·(n-1)·(n-2)·…·(n-
k+1) 

k elements 
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Exercise 11 
Let’s say that, on the stave, you are writing three note melody, selected out of eight 
different notes, the notes can be repeated. How many different melodies can thus be 
written? 
When we generate a k-element sequence consisting of the elements of a certain set (the 
terms of the sequence can be repeated), we say that we have created k-element 
combination with repetition of the elements of this set. 
 
These are all 3-elements combinations with repetition of a set  
 
 

Exercise 12 
Write down a few 4-element combinations with repetition from the letters in the word 
„MONDAY”. How many different combinations can be made? 
Tip: The first, second and any other letter can be selected in 6 ways. 
When we generate a k-term sequence of an n-element set and allow for the repetition of 
the terms, the first element can be selected in the n - ways, the second in n ways and any 
other also in n ways. 
 
The number of all such sequences is:  
 
The number of all k-element combination with repetition of an n-element is nk. 

 

Exercise 13 
How many different outcomes are there if you shoot three times at 
the target consisting of five concentric circles, to which the 
following points were assigned: 2, 4, 6, 8, 10?  

 

Exercise 14 
How many two-digit numbers can be formed if we randomly select 
with replacement two numbers from the set {1, 2, 3, 4}? 

 
 
 
 
 
 
 
 
 
 
 
 

n ·n ·… ·n 
k elements 
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THE OCTAVE 
AND THE DESIGN OF INSTRUMENTS 

 
THE OCTAVE AND THE DESIGN OF INSTRUMENTS 

 
There are some connections between music and math on the example of the Fibonacci 
sequence and golden ratio. We are going to make students realize that in the octave the 
foundational unit of melody, and harmony, we see Fibonacci numbers popping up 
everywhere. The golden ratio can be found throughout the violin by dividing lengths of 
specific parts of the violin. What is more, the vibrations per second of different musical 
intervals are in Fibonacci ratios and some music pieces e.g. Music for Strings, Percussion and 
Celesta divided into sections reflecting the golden ratio.  

Exercise 1 
This is the layout of musical keyboard. Musical keyboard is divided into octaves. 

 
An octave interval is, for example, from the C on the left to the C on the right of the 
keyboard.  

 
How many white keys in an octave can you see?  …………………. 
How many black keys can you see?    …………………. 
What is the proportion between white keys and black ones? ……………….… 
How many keys are there all together?    ………………….. 
What’s the proportion of all keys to the white ones?  ….…………….… 
What have you noticed? Is it a golden number?   ….………………. 

 
 

Exercise 2 
This exercise presents a violin divided into different parts. 
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Divide the lengths of specific parts of the violin as you can see below. 
(a1 + a2)/a2 =  
a2/a1 = 
b2/b1 = 
b2/c1 = 
c1/c2 =  
What have you noticed?    ……….….………. 
Are the results a golden number? ……….….………. 

 

Exercise 3 
There are three stringed instruments in the class (2 violins and a cello). Measure the 
lengths of them in the same way as it was in the previous exercise and complete the chart. 
Violin A Violin B Cello 
(a1 + a2)/a2 =  
a2/a1 = 
b2/b1 = 
b2/c1 = 
c1/c2 = 

(a1 + a2)/a2 =  
a2/a1 = 
b2/b1 = 
b2/c1 = 
c1/c2 = 

(a1 + a2)/a2 =  
a2/a1 = 
b2/b1 = 
b2/c1 = 
c1/c2 = 
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SYMMETRY IN MUSIC, 
SYMMETRY IN MATH 

SYMMETRY 
 
Symmetry is not restricted to visual arts. We find symmetry in musical compositions of 
different epochs in rhythm, harmony, dynamics, song forms, tempo, recording or sound 
patterns. Music features all sorts of patterns. Melodies are groups of notes arranged to make 
up a tune, rhythm describes the repeating pattern of strong and weak beats, musical pieces 
often have repeating choruses or bars. In mathematics, we look for patterns to explain and 
predict the unknown. Music uses similar strategies. When looking at a musical piece, 
musicians look for notes they recognize to find notes that are less familiar. In this way, notes 
relate to each other.  
When you hear Mozart, you hear the language of symmetry. He repeats the same patterns 
again and again. The music goes up and down and then up and down again. Sometimes he 
changes one note or moves it half a note up or down not to make the music boring. In music it 
is called transposition in math it is called a symmetry under translation which means you 
move from place to place you see the same thing. 
The sound can be heard and seen in the form of musical notes. If you want to see something 
more, build the Chladni plate. Ernst Chladni found that powders sprinkled on a vibrating plate 
would settle in patterns that showed how the plate was vibrating. A plate will have a set of 
natural resonance frequencies just like a string, and when the plate is excited at one of these 
frequencies, it will form a standing wave with fixed nodes. These nodes will form lines on the 
plate, in contrast to points on the string. Chladni realized that sand sprinkled on the top of the 
plate would be pushed away from the vibrating regions and settle into these nodes, allowing 
the node patterns to be seen. The patterns that result are beautiful, and increasingly 
complicated as the frequency is increased. 
Exercise 1 

The area of ABC equilateral triangle is 6. It is transformed in symmetry in terms of 
straights including its sides. The triangle A’B’C’ is obtained. What is the area of the 
triangle? 

 
Exercise 2 

For which initial values of a and b, point A’ = (a - 1, 2) is reflection of point A= (-3, b + 2) 
in: 
a) the line OX 
b) the line OY 
c) the origin of coordinates. 

 
Exercise 3  

Specify the coordinate system points P= (3, 2), R= (0, 2), S= (3, 0) and O= (6, 4). Establish 
the coordinates of the symmetrical points to point O in: 
a) points P, R, S 
b) straights PR, PS. 

 
Exercise 4 

Construct the image of o (O, r) circle in point symmetry with respect to S point, where |SO| 
< r. Is it possible that the circle and its image are tangential? Justify your opinion. 
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Exercise 5 

Draw any obtuse angle and the point which is inside that angle. Construct an angle which 
is symmetrical to it in a selected point. What figure is the common part of both angles? 

 
Exercise 6 

For what numbers a and b points: 
a) A = (a+3, b-2) and A’= (2a- 5, 2b+4) 
b) A = (2 (a+2), 4b-3) and A’= (3a+7, 2(b-1)-a) 

are symmetrical in the origin of coordinates? 
 
Exercise 7 

Points (2, 3), (-2, 3), (-4, 0) are sequential summits of hexagon, which is symmetrical in 
relation to the center of coordinates. Find coordinates of the remaining summits of this 
hexagon and calculate its area. 

 
Exercise 8 

Assign the equation of symmetrical circle in the line OX and symmetrical circle in the line 
OY to the circle of equation  
x2 + 4x +y2 – 2y – 11 = 0. 

 
Exercises 9 
The coordinates of summits of C square are: (0, 0), (4, 0), (4, 4) and (0, 4). D square is the 
image of C square in symmetry in terms of y = x + 2 straight. Calculate an area of common 
part of both squares. 

TRANSPOSITION AND TRANSLATION 
 
Musical transposition is a type of repetition where the starting point (or pitch) of a chord or 
melody is restated at a different level than the original segment. This restatement may be 
higher or lower and may occur as many times at different levels as a composer thinks is 
appropriate. 
Because transposition is a restatement, intervals of pitch relationships need to be preserved 
from the original segment to all subsequent segments. 
The keyboard consists of a series of white and black keys, which make up what we call steps. 
Half step (H) occurs - two keys directly adjacent to each other (with no other pitches in 
between) 
A whole step (W) - moving the combined space of two half steps 

 

Exercise 1 
Look at the piano keyboard or a stave and find steps (H or W) between sounds. 
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C to D = Whole Step 

C to E = 2 whole steps 

D to E = Whole Step 

E to F = Half Step 

F to G = ? ............. 

G to A=? ............. 

A to B =? ............. 

 

Exercise 2 
Look at the melody Twinkle Twinkle Little Star. How many steps are there between 
sounds? Circle the right answer. 

 
C to C 0 W H 5 

C to G 0 W H 5 

G to G 0 W 
 

H 5 

G to A 0 W H 5 

A to A 0 W H 5 

A to G 0 W H 5 

G to F 0 W H 5 

F to F 0 W H 5 

F to E 0 W H 5 

E to E 0 W H 5 

E to D 0 W H 5 

D to D 0 W H 5 
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D to C 0 W H 5 

 

Exercise 3 
Make the transposition of Twinkle Twinkle Little Star. Let’s start the melody not from C 
but from G.  

 

TRANSLATION 
 
A vector is an organized pair of two points. 
Vector is frequently represented by a line segment with a definite direction, or 
graphically as an arrow, connecting an initial point A with a terminal point B, and 
denoted by 𝑨𝑩. 
 
 
 
 

in coordinate system: 𝐴 =We have two points 
(𝑥/, 𝑦/)  
and 𝐵 = (𝑥6, 𝑦6). 
A vector is an organized pair of numbers 𝒙𝟐 − 𝒙𝟏, 𝒚𝟐 − 𝒚𝟏 . 
Graphically vector is presented by an arrow 𝐴𝐵. 
Numbers 𝑥6 − 𝑥/, 𝑦6 − 𝑦/ are coordinates of the vector. 
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Exercise 1 
Using GeoGebra software create any polygon and a vector. Slide the image of that polygon 
parallel to vector you have chosen.  
 
Step 1: Create polygon 

 
Step 2: Create a vector  

 
Step 3: Select the translate tool, then select the object to be translated, the polygon, and 
then select the vector of translation. 

 
Here is the example of a triangle ABC translated by vector 𝐷𝐸.  

 

 
What are the properties of figures you have created in the process of  translation? 
Translation by 𝒖 vector is a transformation where each A point has an assigned point 

𝑨′, where 𝑨𝑨′ = 𝒖. 
Translation of 𝑢 stands for 𝑇U. 

Exercise 2 
There is an ABC triangle and 𝑢 vector, which does not have any points with a triangle. 
Design the drawing of that triangle and shift it by a given vector. 

Step 1 
Draw any ABC triangle and 𝑢 vector, which does not have any common points with a 
triangle. 
Step 2 
Draw a half line with initial point A and a perpendicular line included 𝑢 vector . 
Step 3 
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Measure the length of 𝑢 vector. Draw a circle. Point A is in the middle of the circle. The 
radius of a circle has to be the length of 𝑢 vector. 
Step 4 
Mark the 𝐴′ point where the circle and a half line crisscross. 
Step 5 
Repeat steps from 2 – 4 for other vertex. 
Step 6 
Connect vertices 𝐴V, 𝐵V, 𝐶′. You will receive an 𝐴′𝐵′𝐶′ triangle which is a reflection of an 
𝐴𝐵𝐶 triangle translated by an 𝑢 vector. 
In the rectangular coordinate system mark any 𝐴 = (𝑥, 𝑦) point and an 𝑢 = [𝑝, 𝑞] vector. 
𝐴V = (𝑥V, 𝑦V) has to be an image of A point translated by 𝑢 vector. 

 
 

Look at the relationship between coordinates of 𝑢 vector and coordinates of 𝐴	𝑖	𝐴′ points. 

Knowing that 𝐴𝐴′ = 𝑢 and  
𝑥V − 𝑥, 𝑦V − 𝑦 = [𝑝, 𝑞] 

 
we get 

𝑥V − 𝑥 = 𝑝	 ∧ 	𝑦V − 𝑦 = 𝑞 
𝑥V = 𝑥 + 𝑝	 ∧ 	𝑦V = 𝑦 + 𝑞 

 
In the rectangular coordinate system an image of point 𝑨 = (𝒙, 𝒚) is point 𝑨V = (𝒙 +
𝒑, 𝒚 + 𝒒) translated by an 𝒖 = [𝒑, 𝒒] vector parallel to 𝑨V. 

Exercise 3 
Find the picture of an 𝐴𝐵𝐶𝐷 square where  
𝐴 = 1, 1 , 𝐵 = 2, 3 , 𝐶 = 4, 2 , 𝐷 = (3, 0). They are translated by vector 𝑢 = 1, 5 	. 

Exercise 4 
A picture of 𝑃 = (7,−3) is 𝑃V = (−3, 7) translated by an 𝑢 vector. Find the coordinates of 
that vector. 

Exercise 5 
Find the coordinates of vertices of an ABC triangle where 
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	𝐴 −4, 1 , 𝐵 = 3,−2 , 𝐶 = (−2, 4) are translated by a vector 𝑢 = [−1, 3]. 
Analyze a translation parallel to the graph of the function 𝑦 = 𝑓(𝑥) by vector 𝑢 = [𝑝, 𝑞]. 

 
Point 𝐴 = (𝑥, 𝑦) can be any point of the graph of the function 𝑦 = 𝑓(𝑥). Shift parallel the 
graph of the function	𝑦 = 𝑓(𝑥) by vector 𝑢 = [𝑝, 𝑞]. 𝐴V = (𝑥V, 𝑦V) is the image of that 
transformation. 
The relationship between coordinates 𝐴, 𝐴′ and 𝑢 vector are the following 

𝑥V = 𝑥 + 𝑝	 ∧ 	𝑦V = 𝑦 + 𝑞 
so 

𝑥 = 𝑥V − 𝑝	 ∧ 	𝑦 = 𝑦V − 𝑞 
When we substitute x and y to the graph of the function 𝑦 = 𝑓(𝑥) we will receive 

𝑦V − 𝑞 = 𝑓(𝑥V − 𝑝) 
so 

𝑦V = 𝑓 𝑥V − 𝑝 + 𝑞 
We get the graph of the function consisting of points which are the images of 𝑦 = 𝑓(𝑥) 
translated parallel to 𝑢 = [𝑝, 𝑞]. 
The graph of the function can be written 𝑦 = 𝑓 𝑥 − 𝑝 + 𝑞 (in order to place both graphs 
of the function in the same coordinate system)  
As a result of the translation of the graph of the function 
	𝒚 = 𝒇(𝒙) by vector 𝒖 = [𝒑, 𝒒] we get the graph of the function 𝒚 = 𝒇 𝒙 − 𝒑 + 𝒒  

Exercise 6 
In order to receive the graph of the function f give the coordinates of 𝑢 vector and move 
the graph of the function. 

a) 𝑔 𝑥 = 𝑓 𝑥 − 1  
b) 𝑔 𝑥 = 𝑓 𝑥 − 4 
c) 𝑔 𝑥 = 𝑓 𝑥 + 2 + 4 
d) 𝑔 𝑥 = 𝑓 𝑥 − 10 − 3 

 

Exercise 7 
Find an image of curved line 𝑦 = −𝑥6 + 𝑥 − 1 translated by 𝑢 = [−2, 1] vector. 
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Exercise 8 
Find an equation of the curved line 𝑦 = 𝑥6 + 1 translated by 𝑢 = [1,−1] vector. 

Exercise 9 
Move parallel the graph of the function f by 𝑢 vector and then write the formula of the 
function g you get: 

a) 𝑓 𝑥 = 2𝑥 − 4    𝑢 = [−4,0] 
b) 𝑓 𝑥 = 3 𝑥     𝑢 = [3,−8] 
c) 𝑓 𝑥 = 2 𝑥   𝑢 = [−1,2] 

d) 𝑓 𝑥 = 1
h
     𝑢 = [−3,0] 

e) 𝑓 𝑥 = 𝑥6    𝑢 = [0,7] 
 

Exercise 10 
Find the coordinates of a 𝑢 vector that is needed to move the graph of the function f to get 
the graph of the function g 

a) 𝑔 𝑥 = 2 𝑥 − 1 + 4 
b) 𝑔 𝑥 = 𝑥 + 3 6 − 2 
c) 𝑔 𝑥 = 2 𝑥 + 1 1 
d) 𝑔 𝑥 = 4 𝑥 − 3 

e) 𝑔 𝑥 = 6
hC/

+ 1 
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Greenhouse Effect 
When the sunlight reaches the atmosphere, some 
of the radiation gets reflected back into space 
or absorbed. The greenhouse gasses as methane, 
carbon dioxide and water absorbs some of the 
infrared (IR) radiation, traps it, and releases it as 
heat. The conclusion is that, the more 
greenhouse gasses the higher temperature. 
Global Warming 
Global warming is, when the temperature rises 
globally. One of the consequences is that the ice 
cap will melt which causes the water levels rising. 
If the water level rises, houses will be torn 
down and the streets will be flooded. 
Another consequence is, that more natural 
disasters will occur, for an example heat waves that 
can contribute to deaths, more fires in the forests and the animals will be affected - the polar 
bears will for example have to swim longer because of the melting of the ice and this causes 
them to drown. 
Feedback on climate models 
The albedo effect: 
When the sun’s radiation gets through the atmosphere some of the radiation gets reflected 
back 
from the earth’s surface and some gets absorbed in the earth’s surface. The lighter a surface 
is, 
the more radiation gets reflected back and the darker a surface is, the more radiation gets 
absorbed. When the radiation gets absorbed in the earth’s surface by greenhouse effect, it gets 
warmer, which causes a rise of the temperature and snow is melting. Snow and ice is the most 
effective surfaces when reflecting the radiation and as the temperature rises, the ice melts and 
there becomes less surface to reflect the radiation. It is a bad cycle. 
The ice on the poles is melting → because of less reflection of heat waves the temperature 
rises → 

more ice melts → and so on 
and so forth 
The melting ice releases 
methane into the 
atmosphere → the methane 
exaggerates greenhouse 
effect → more ice melts 
releases more methane 

 
 

The very, very simple model  
In the very simple model, the Earth and the atmosphere absorb energy from the Sun, and lose 
energy to the space. If absorbed energy is the same as the outgoing energy, the temperature 
stays constant. This is called the “steady state”.  
 



 56 

With this model, we can find the new temperature if the outgoing radiation decreases or 
increases. However, we cannot trust this model and its predictions, because of its many 
limitations. 
 
 
 
Limitations of the simple model 
 
● There is a lot of human impact, so a model that does not include people cannot be 

trusted. 
 
● Keep in mind that the temperature and radiation changes.  

 
● The results cannot be observed in short time and cannot always be predicted. The 

results has to be observed over a longer period to see a clear pattern of climate 
changes.  

 
● Some of the lightwaves that hit the area are reflected back into space. Fx. ice and snow 

reflects light and therefore the radiation (the albedo effect).  
 
● Colour and surface differences have to be taken into account.  

 
● You need to use the hypothetical deductive method, to see a clear and useful change, 

otherwise it may not be correct, and your model and results will not be credible.  
 

● When calculating these limits there are excluded many external factors for example: 
pollution, fires and concentrations of other elements in the atmosphere. 

 
● We cannot have an atmosphere with only gas molecules. 

 
● It changes from year to year how big our usage of coal, oil and gas (raw materials) 

from the industrial world are.  
 
 
 

Simulation with greenhouse effect  
Our simulation shows us, that with a 3% decrease of the outgoing radiation, the temperature 
will increase with 2 oC within 10 years. 
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The Java Climate Model  
Constant temperature increasing on 2i𝐶: 
  
 
To achieve the only 2 oC increase of temperature by 2100 the amount of CO2 in the 
atmosphere has to stay under 471.28 parts per million.   
 
 
 
 
 
 
 
 
 
 
 
 
With a no-climate policy, the amount of CO2 in the atmosphere is 699.59 parts per million 
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The difference on CO2 
concentration between the 
two scenarios is 
471.28− 699.59

699.59
⋅100%= −33%
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UTENA DAUNISKIS GYMNASIUM 

Our school opened its doors for the first time in 1971. In 2003, after an accreditation 
procedure, the school became a gymnasium. At present, 532 pupils are enrolled in the 
gymnasium: 499 in the full-time day section (students aged 15 to 19) and 33 in the adult-
learners section. For the past several years, 60-80% of our graduates have continued their 
education in university-level post-secondary institutions of learning. 53 teachers, work at the 
gymnasium, as do social pedagogues, a special-needs pedagogue, and a psychologist’s 
assistant. Of all these staff members, 11 have two specialities, and 12 have earned a master’s 
degree. 

Since 2000, the gymnasium’s teachers and pupils have been actively engaged in activities of 
international projects. We participated in Socrates (Comenius 2 projects and Grundtvig 
1 project) and LLP (Comenius 3 projects and Grundtvig 1 project) programmes administered 
by the Education Exchanges Support Foundation (Lithuania). We have participated in 
eTwinning virtual programme with 15 projects. Two of them were awarded with European 
Quality Label. Five of them were awarded with National Quality Label. In 2012, Utena 
Dauniskis gymnasium was awarded as the best eTwinning school in Lithuania. Also, we have 
worked on district-level as well as republic-wide projects.  

In 2008, the gymnasium earned the status of an Elos school (a network of European schools 
working to implement a European and international orientation in education). We are quite 
proud of this accomplishment, because only 6 schools throughout Lithuania have earned this 
status! 

Pupils have the opportunity to participate in various extracurricular activities. Pupils actively 
work in the Council of Pupils and the Gymnasium Council. There are 20 extracurricular 
groups, the creative pupils of which have won prizes and recognition in academic 
competitions. The gymnasium’s name is also well-known thanks to its artistic groups and its 
athletes. 

In 2016 our gymnasium has gained a very important evaluation among the schools of 
Lithuania. It was ranked as the School of the Year for its innovative and modern approach to 
the learning process and the students as well as the promotion of tolerance, citizenship and 
sociality. 
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HINC ITUR AD ASTRA 

 

Astronomy is the oldest of the natural sciences, dating back to antiquity, with its origins in the 
religious, mythological, cosmological, calendrical, and astrological beliefs and practices of 
pre-history. The artifacts demonstrate that Neolithic and Bronze Age Europeans had a 
sophisticated knowledge of mathematics and astronomy. 

Astronomers use maths all the time. One way it is used is when we look at objects in the sky 
with a telescope. Another way that astronomer’s use maths is when forming and testing 
theories for the physical laws that govern the objects in the sky. Theories consist of formulas 
that relate quantities to each other. 

First mathematical composition, known as the Almagest was written by an ancient astronomer 
Ptolemy. The Almagest is a colossal work on astronomy. It contains geometrical models 
linked to tables by which the movements of the celestial bodies could be calculated 
indefinitely. In an ancient astronomy there was close relationship between mathematics and 
astronomy such as use of numerical and graphical methods, the linear methods and spherical 
trigonometry. 

Observational astronomy depends on mathematical theories. In fact, the end of the 18th 
century was the golden age for the Lithuanian Astronomical Observatory. One of the most 
important persons is Poczobut. He was a very diligent and skilful observer and left a large 
body of observational data. He carried out the measurements of the positions of asteroids, 
planets and comets. He also observed lunar and solar eclipses. The most important data of that 
period was collected through the observations of Mercury. Later on, these observations were 
used by other observers in Europe. 

Lithuanian observers have achieved high results in astronomy and maths: photometric and 
spectrophotometric observations of stars. It is important to note that a group of astronomers 
developed the so-called Vilnius photometric system which was effectively applied for the 
study of physical properties of stars, interstellar matter and galactic structure. 
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Math application to the theory of astronomy 
ACUTE ANGLE SINE OF A RIGHT - ANGLED TRIANGLE  

LESSON 1 OBJECTIVES  
• will be able to explain what we call the acute angle sine of a right-angled triangle; 
• will be able to calculate the acute angle sine of a right-angled triangle when the lengths of 

two sides of a triangle are known; 
• will solve 4 problems. 

EXERCISE 1 
1. Each pupil draws in his/her notebook a right-angled triangle ABC, in 

which angle C = 900 and angle A = 400.  
2. Each pupil measures the length of the side opposite angle A. 
3. Each pupil measures the length of the hypotenuse. 
4. Each pupil divides the length of the side opposite angle A by the length of the hypotenuse. 
5. Each pupil compares the result obtained. 
6. The results of all pupils should be similar: ≈ 0.6 

Conclusion: The ratio between the lengths of sides BC and AB of the right-angled triangle 
ABC does not depend on the size of the triangle. 

We call the number obtained by dividing the length of the side 
opposite the acute angle by the length of the hypotenuse the 
sine (written: sin) of that acute angle. 

EXERCISE 2 
1. Write the sine of acute angle B of the triangle ABC. 

sin∠A = 
sin∠B = 

2. Calculate the values of acute angles A and B of the right-angled triangle ABC, if BC = 3 
cm, AB = 5 cm. 

EXERCISE 3 

1. Draw right-angled triangles Δ ABC (angle C = 90°), for which: angle A = 20°; 40°; 60°; 
80°. 
 

2. By measuring and calculating, determine the approximate values (to an accuracy of 
hundredths) of the sine’s of angles A and B of those triangles. 

EXERCISE 4 
Calculate the sines of the acute angles of the pictured right-angled triangles. 
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ACUTE ANGLE COSINE OF A RIGHT-ANGLED TRIANGLE 
LESSON 2 OBJECTIVES 
• will be able to explain what we call the acute angle cosine of a right-angled triangle; 
• will be able to calculate the acute angle cosine of a right-angled triangle when the lengths 

of two sides of a triangle are known; 
• will solve at least 3 problems. 

EXERCISE 1 
1. Each pupil draws in his/her notebook a right-angled triangle ABC, in 

which angle C = 900, angle A = 400.  
2. Each pupil measures the length of the side adjacent to angle A. 
3. Each pupil measures the length of the hypotenuse. 
4. Each pupil divides the length of the side adjacent to angle A by the length of the 

hypotenuse. 
5. Each pupil compares the result obtained. 
6. The results of all pupils should be similar: ≈ 0.8. 

Conclusion: The ratio between the lengths of sides AC and AB of the right-angled triangle 
ABC does not depend on the size of the triangle. 
We call the number obtained by dividing the length of the side 
adjacent to the acute angle by the length of the hypotenuse 
the cosine (written: cos) of that acute angle. 
EXERCISE 2 
1. Write the cosine of acute angle B of the triangle ABC. 

cos∠A = 
cos∠B = 
 

2. Calculate the values of acute angles A and B of the right-angled triangle ABC, if AC = 4 
cm, AB = 5 cm. 

EXERCISE 3 
Draw right-angled triangles ΔABC (angle C = 90°), for which: 

a) cos of angle A = 2/3; 
b) cos of angle B = 2/5; 
c) cos of angle A = 0.4. 
EXERCISE 4 
Calculate the cosines of the acute angles of the pictured right – angled triangles. 
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STATISTICS 
LESSON 3 OBJECTIVES 
• To handle the sample data and to summarize the sample in different ways in calculation 

of numerical characteristics of the data. 
• Systematize and summarize the students' knowledge of statistics. 

1. GENERAL SET AND SAMPLE 
Every one of us every single day faces the numerical information, tables, diagrams. It is 
interesting for people to know whether prices of the goods increase or decrease, as well as to 
know what is the population in the country/city/region. Numeric value – is the data. The study 
of the collection, analysis, interpretation, presentation, and organization of data is called 
statistics.  
Statistics helps to collect the data, analyze it and draw reliable conclusions. Every research 
examines particular individuals or a group of actually existing objects, which in statistics is 
called general set or population. For example, if we are investigating our schools‘ students 
health indicators, therefore, the population is all students in our school. The population 
selected for this particular investigation is called sample.  
2. FREQUENCY AND RELATIVE FREQUENCY TABLES 
While performing statistical experiment we collect the data, which is also called sample, 
while the number of samples is called – sample size. All collected data can be written in 
variation, or frequency table.  
Variation – is the sequence of numbers, which every number, starting with the second one, is 
not smaller than the one before it. The simplest method of handling collected data is – making 
the frequency table. In one line of the frequency table it is written different variation 
numbers (data), and in the other line – those numbers‘ frequencies (number of repetitions). In 
statistics relative frequencies are calculated as – frequency is devided by frequency size 
(Number of data).  
EXAMPLE 
In the “Shoe” store was performed the investigation - what size of men shoes were sold the 
most. 20 people were randomly selected, who bought men shoes. Randomly selected men 
shoe sizes were: 41, 39, 41, 40, 41, 40, 42, 40, 42, 40, 41, 44, 40, 44, 43, 42, 41, 42, 43, 41. 
Now we have to make this sample into variation (from smallest to highest number): 39, 40, 
40, 40, 40, 40, 41, 41, 41, 41, 41, 41,42, 42, 42, 42,43, 43, 44, 44. 
Now we have to make frequency and relative frequency table: 
Shoe size 39 40 41 42 43 44 
Frequency 1 5 6 4 2 2 
Relative 
frequency 1/20 5/20 6/20 4/20 2/20 2/20 

  



 65 

3. DIAGRAMS 
Plot shows better sample features than the table, for example: scatterplot, polygon, column 
chart, bar graph, pie chart. 
In scatterplot, in one of the coordinate axis (usually the Ox axis) we set aside data and in the 
other (Oy axis) - the frequencies. To get the polygon, we connect a finite chain of straight line 
segments of scatterplot. If we draw rectangular on the scatterplot we get the collumnchart. If 
we draw rectangulars in contact, which heights are equal to freqencies (relative freqeuncies), 
then it is called a histogram. While portraying the pie chart, the pie is devided into cuts, 
which area is proportional to data frequencies.  
EXAMPLE 
John picked ten of his friends birth month numbers and got this sample:  
1, 2, 1, 3, 4, 6, 3, 1, 6, 11. 
Now we have to make a variation:  
1, 1, 1, 2, 3, 3, 4, 6, 6, 11. 
Now we make a table: 
Month 1 2 3 4 6 11 

Frequency 3 1 2 1 2 1 

One of the simplest way to show graphical data is – column chart. Now we make a column 
chart using the data from the table above: 

 
Now we have to draw the piechart using the sample above. Since there are 10 numbers in 
total, one of the numbers is equal 360°/10 = 36° cut edge. Before making the pie chart it is 
easier to make a table like that: 

Mont
h 

1 2 3 4 6 11 

Frequ
ency 

3 1 2 1 2 1 

Cut 
egde 
size 

36° · 3 = 108° 36° · 1 = 36° 36° · 2 = 72° 36° · 1 = 36° 36° · 2 = 72° 36° · 1 = 36° 

0

1

2

3

4

1 2 3 4 6 11

Frequency

3

1

2

1

2

1

Month

1 2 3 4 6 11
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4. NUMERICAL DATA CHARACTERISTICS 
Sample data can be described when showing mean, median and mode. 
Example. During the physical education boys were pulling-up to the bar. Teacher gave results 
as follows: 4, 8, 9, 8, 5, 5, 8, 9, 8, 10. What is the mean, median and the mode of these 
results? 
Mean – sample data amount, devided by the number of data.  
Add each value of each observation and then devide by total number of observations. 
Therefore, the mean is: (4+5+5+8+8+8+8+9+9+10) / 10 = 7,4.  
Sample width – the difference between the largest and the smallest sample data. 
Sample data is written in variation: 4, 5, 5, 8, 8, 8, 8, 9, 9, 10. This is sample width: 10 – 4 = 
6. 
Median (Md) – it is the middle number of variation, when sample size is uneven number, or 
the arithmetical average of two middle numbers, when sample size – is even number.  
Given sample size – is even number, that is why median will be equal to the arithmetical 
avarage of two middle numbers: (8+8) / 2 = 8. 
Mode (Mo) - Any value that appears more than once will be the mode. If there are no 
duplicate values in the sample, so there is no mode for that data set.  
EXERCISES 
1. The survey was conducted on 30 students and the results were that: 12 of them attending 
basketball; 3 – football; 6 – swimming; 3 – light athlete; and the rest of the students do not 
excersize at all. Using these results you have to make a respective diagram.  
2. Students were asked how many hours do they exercise a day, and the results were as 
follow: 1; 0,5; 2; 1; 0; 1,5; 1,5; 1,5; 0; 0; 1,5; 1. 
a) Make a frequency table  
b) What is the mean, median and mode?  
3. Odeta was observing the decrease of the currency for the entire week. What kind of 
diagram would be most respective in this case?  
4. 30 people of different age gatherd for John‘s family celebration. Children made one quarter 
of all people. Draw the pie chart of how many children and how many adults were in this 
event?  
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Workshops on astronomy 
Workshop 1. SOLAR GEOMETRY 

OBJECTIVES 
1. Determine the elevation angles at which the sun’s rays reach the surface of the Earth in 

Utena, Lithuania, at solar noon at the times of an equinox and a solstice. 
2. Determine the elevation angles at which the sun’s rays reach the surface of the Earth in 

your town, (country), at solar noon at the times of an equinox and a solstice. 

STEPS 
1. Find latitudes 

a) of Utena, Lithuania φ1= 
b) of your town φ2=  

with google maps MONDECA. Go to http://mondeca.com/index.php/en/any-place-en 
2. Calculate these latitudes at the Vernal and the Autumnal Equinox using the formula: 

αv = 90º - φ1 = and αa = 90º - φ2 = 
3. Calculate the elevation angles of these latitudes at the Summer and Winter Solstice using 

the formula: 
αs = 90º - (φ1 - δ) =      and     αw = 90º - (φ1 - δ) =       , 
 
αs = 90º - (φ2 - δ) =      and      αw= 90º - (φ2 - δ) =       ,   

 

The Sun‘s declination angle δ=23,5° on the day of the Summer Solstice, the sun is above the 
horizon for the longest period of time in the northern hemisphere. 
The Sun‘s declination angle is δ = – 23.5° on the day of the Winter Solstice. 

 
 
αsummer = 90º - (φ1 - 23,5º) = 
 
αwinter = 90º - (φ1+ 23,5º) = 

 
4. Create a Sun path diagram for Utena, Lithuania and for your town using programme:  

http://solardat.uoregon.edu/SunChartProgram.html   
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In the diagram below, the azimuth and solar elevation angles are the coordinates of an 
observer's local horizon system in any specified location on Earth at any specified time of 
the year. 

Save this diagram to your setting.                       

 
 

5. Conclusions:  
 

a)  
 

b)  
 

c)  
 

Workshop 2. SOLAR SHADOW GEOMETRY 
The azimuth is the local angle Α between the direction of due North and that of the 
perpendicular projection of the Sun down onto the horizon line measured clockwise. Thus, we 
have the azimuth values: 0° = due North, 90° = due East, 180°= due South, and 270° = due 
West.  
The angle of solar elevation, α is defined as before, to be the angular measure of the Sun’s 
rays above the horizon. Equivalently, it is the angle between the direction of the geometric 
center of the Sun and the horizon.  
OBJECTIVES 
Determine the tip of the 3 pillars of the shadows at the point P = (xo, yo). That is xo (m) 
Eastward and yo (m) Northward of the base of the post. 
STEPS 
1. Identify use a compass North-South. 

 
2. Estimate: 

a) the solar elevation αο 
 

b) h (m) height of the pillar h= 
 

c) azimuth Α = 
3. Calculate the shadow of the pillar OP by formula OP = h/tan αο.  
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4. By analyzing the right triangle, △ORP, we find the points of the xo (m) and yo(m) using 

the formulas as well: 
 

sin (Αο – 180° ) = xo /| OP |  
xo = |OP| ⋅ sin( Αο – 180° ) m.  
cos (Αο – 180° ) = yo / OP  
yo = | OP | ⋅ cos (Αο – 180° ) m. 
Results 

 
P1 = (......, .......)  
P2 = (......, .......)  
P3 = (......, .......)  

5. Look at these pictures.  What is the difference between them?  
6.  Calculate the shadow of the pillar OP by formula OP  = h/tan αο.  

 

 
 

7. Measure the length of the shadow using a ruler. The results are: 
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1OP = …                        2OP= …….. 
 

8. What is the approximate time in the pictures below according to the angle of solar 
elevation? Remember that the hour angle increases by 15 degrees every hour. 
 

 
 

9. Conclusions. Answer and finish: why are the solar shading measurements important? 

a) The position of the sun in the sky is determined…………… 

b) Shadow thermometer serves as a…………………………………. 

c) The length of the shadow can be set…………………………….. 

Workshop 3. SUNSPOTS ESTIMATION ON ASTRONOMY & STATISTICS 

PROBLEM 

Solar activity affects the Earth in many ways: damage to 21st-century satellites and other 
high-tech systems in space can be caused by an active Sun, radiation hazards for 
astronauts and satellites can be caused by the quiet Sun, weather on Earth can also be 
affected. We must observe activity on the surface of the Sun every day. 

 
OBJECTIVES 
1. Create graphs of sunspots data for diffeent periods of time using statistics of math. 
2. Make predictions on the future solar activity using data sets recorded over the time scales. 

STEPS 
1. Find out about the Sunspot Number at sunspotshttp://www.sidc.be/silso/datafiles 
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2. Open the link Ø Daily Estimated Sunspot Number Ø CSV  Ø file 
nameØEISN_current.txt. 
EISN_current.txt Contents 

Column 1: Gregorian Year  
Column 2: Gregorian Month 
Column 3: Gregorian Day 
Column 4: Decimal date 
Column 5: Estimated Sunspot Number 
Column 6: Estimated Standard Deviation 
Column 7: Number of Stations calculated 
Column 8: Number of Stations available
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At the Column 5 you will find estimated sunspot number 

3. Make a table: 
Sunspots 
numbers 
per month 

      

Frequency 
of sunspots  

      

4. Make a column chart using the data from the table above: x (Frequency) and y (Sunspots numbers per 
month)  

5. Create graphs of data sets for different periods of time: one week, one month, one year  
http://www.sidc.be/silso/eisnplot 

 
and five years http://www.sidc.be/silso/IMAGES/GRAPHICS/prediSCCM2.png 

 
6. Measure and Record: pick data sets for each range from periods during the solar minimum, maximum 

and at some point mid-cycle for one week, one month, one year, five years. 
7. Where can you see the mean, median and mode in graphs of sunspots data for different periods of time: 

one week, one month, one year?  
8. Make predictions on future solar activity from 2017 to 2020. 
9. Open the link http://www.sidc.be/silso/monthlyssnplot and make a conclusions: 

• about Sunspots Cycles,  

• about Solar Activity forecasts for 2016; 

• about Solar Activity Effect on Weather and Earth for 2016. 

10. Can we make predictions on future solar activity using the data sets recorded over the smaller time 
scales (i. e. one week, one month, one year)? 

11. Can we make predictions on future solar activity using  the data sets recorded over larger time scales 
(i.e. fifty years, one hundred years)? 

12. Using the whole data set predict when the next maximum will occur.  
13. Investigating solar variability can: 
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• Enable the prediction of ...................................... 

………………………………………………………………………… 

………………………………………………………………………… 

• Help us understand how solar variability ........... 

………………………………………………………………………… 

………………………………………………………………………… 

• Protect ................................................................ 

………………………………………………………………………… 

……………………………………………………………………….. 

 
CUBIC MILE UTENA 

The main purpose is: Get to know Utena city better while visiting famous places. 
Visit particular objects, take a picture or make a video of it to proof that you were there (>1,5 min), and on 
Tuesday 9am there will be a presentation (Kizoa or MovieMaker etc. program): 
I. Go to “Vyzuonos” park: 

1. When was Utena built? 
II. Go to art school: 

1. Why this building used to be important a long time ago?  
2. Which famous places the road next to art school connected couple centuries ago? 

III. Go to “Utenis” square: 
1. Name all the main objects in Utenis square. 
2. What events take place in this square? 

IV. Go to “Maironis” street: 
1. Name the main objects in this street 

V. Find the café next to the place you are right now and order something delicious. 

DO NOT FORGET TO SAVE THE OBJECTS THAT YOU WILL SEE IN THE FORM OF PHOTO OR 
VIDEO AND DO NOT FORGET TO ANSWER THE QUESTIONS!  
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OperatorDescriptionExampleResult in yResult in x  

+Additionx = y + 2y = 5x = 7  
-Subtractionx = y - 2y = 5x = 3  
*Multiplicationx = y * 2y = 5x = 10  
/Divisionx = y / 2y = 5x = 2.5  
%Modulus(div)x = y % 2y = 5x = 1  

MethodDescription  
abs(x)Returns the absolute value of x  
acos(x)Returns the arccosine of x, in radians  
asin(x)Returns the arcsine of x, in radians  
atan(x)Returns the arctangent of x as a numeric value between -PI/2 and PI/2 radians  
atan2(y,x)Returns the arctangent of the quotient of its arguments  
ceil(x)Returns the value of x rounded up to its nearest integer  
cos(x)Returns the cosine of x (x is in radians)  
exp(x)Returns the value of Ex  
floor(x)Returns the value of x rounded down to its nearest integer  
log(x)Returns the natural logarithm (base E) of x  
max(x,y,z,...,n)Returns the number with the highest value  
min(x,y,z,...,n)Returns the number with the lowest value  
pow(x,y)Returns the value of x to the power of y  
random()Returns a random number between 0 and 1  
round(x)Returns the value of x rounded to its nearest integer  
sin(x)Returns the sine of x (x is in radians)  
sqrt(x)Returns the square root of x  
tan(x)Returns the tangent of an angle  
EReturns Euler's number (approx. 2.718)  
LN2Returns the natural logarithm of 2 (approx. 0.693)  
LN10Returns the natural logarithm of 10 (approx. 2.302)  
LOG2EReturns the base-2 logarithm of E (approx. 1.442)  
LOG10EReturns the base-10 logarithm of E (approx. 0.434)  
PIReturns PI (approx. 3.14)  
SQRT1_2Returns the square root of 1/2 (approx. 0.707)  
SQRT2Returns the square root of 2 (approx. 1.414)  

  
useful links:  

http://www.w3schools.com/js/default.asp  
https://www.youtube.com  >  thenewboston channel  >  javascript  

For example:  
x = 2;  

x = a + b;  
x = b * 2;  
x = 2 * (a + b) ;  
x = (a + b) / (2*a) + Math.Pi * Math.Round(a/2);   ’ Arghhh….. XD  ’  
and so on…  

Coloring Task 

-open any of the photoshop files 

-there are little notes attached to different parts of every picture 

-click on a note and it will reveal the hexadecimal color code of that part of the picture 
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-copy the color code, open the color menu and insert the copied code into the # field 

-use the given color to fill in the blank parts of the picture 

A. Magic of Numbers 

Task 1. 

Think of a number. Double it. Add 10. Halve it. Take away your original number. Your result is: _______ 

Find the math behind... 

B. Role of numbers 

In fairy tales, in folklore and in mythology there are some numbers that have their magical meanings, such 
as 3 – like in the tale of The Three Bears, or 7 – like in Seven Dworfs . 

In life the Fibonacci numbers and Φ have special meaning. In the construction of several musical 
instruments, Φ is also really important. 

And what about the world of math? Maybe 𝜋 or e? Or any other symbols? 

It is hard to define... 

C. How math works in the Hungarian folk tales 

Once upon the time there was a King with three beautiful daughters. Each of the three daughters has three 
lords claiming their hands, but all of them had their favourite admirers. The King gave the following task for 
the lords to have the princesses as their fiancées: 

„There are goldfishes in the Big Lake at the border of the country. Thy trial is to collect three goldfishes for 
your beloved lady. The fastest three lords can take the hands of my daughters.” […] 

Task 2: The Tale Problem 

If all of the lords could fulfill the task properly as it had been told - to fish three gold fishes -, what number 
of wishes would be satisfied in the end? 

(Note that each goldfish makes three wishes come true.) 

The true end of the story: 

[…] Let us mention, each lord was sly as a fox! So in the end all lords fished only one gold fish and had 
their wishes to be the first one in finishing the task. The King could not handle this equality in time, so let 
her daughters choose from the lords, who obviously chose their favourite ones. The three couples had a 
wonderful wedding that lasted for 7 years and they lived happily ever after... 

D. Forget the Head Slicing Thing 

Task 3. 

Hercules fighting against Hydra and try to kill him by cutting his heads off. Unfortunately after cutting one 
head of, three new heads emerge. Hercules is so good with the sword that he can slice each neck by once! 
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Give the number of heads after 2, 3, 10 or n slicing movements! (The video: 
https://www.youtube.com/watch?v=hRNvoxxSNsY) 

E. Powers - Exponentiation 

exponential expressions on math lessons: 

exponential expressions in IT (calculator, computer): 

F. How to calculate? 

Task 4. 

In financial calculations the following formula is used 𝑇𝑛=𝑇0·(1+𝑝100)𝑛 

Tn – the accumulated money 

T0– the investment 

p – the interest rate 

n – number of years for deposition 

Bea deposited 1000 euros in the bank for a period of three years. The annual interest rate is 5%. How much 
money will accumulate after 3 years? 

Task 5. 

A study, made at the end of 2014, predicts that the number t of tigers living in India (at the end of each 
consecutive year) will approximately follow the formula 𝑡(𝑥)=3600·0,854𝑥, where x refers to the number of 
years passed since 2014. 

Based on the above prediction, calculate the percentage loss in the number of tigers by the end of the year 
2016, as compared to the number at the end of 2014. 

1. The vampires are taking part in the funeral of Ivan the Terrible. They are standing around the coffin in a 
perfect circle, where each participant has the same distances from their neighbours. All positions are 
numbered. While Dracula - the vampire king – is telling his speech about the dead man, he is standing in the 
sixth position. Opposite to Dracula, Vlad – another vampire – is standing in the sixteenth position. How 
many vampires are participating in the funeral? Show your calculations or logic in written form. 

2. This script was made by an earlier participant of the Horror Labyrinth program. Maybe you can meet him 
along your way. So the script is the following equation but the mathematical operations are missing: 

( 6 _2) _ 8 _ 9 _1 = 13 

Your Task is to fill the empty places with mathematical operators so that the equation could be correct. 

3. Little Van Helsing created a function defined in Notepad ++ as homework for a part of a Vampire 
Eliminating Algorithm but when he arrived at school he realised that he had not saved it onto his pendrive. 
He took a big breath and started to remember how the function worked. He could find out the following 
values when f is applied for the given two numbers: 

f(3,2)=7 
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f(4,3)=14 

f(5,4)=23 

f(6,5)=34 

Give the value of f(7,6). Show your logic or calculations, too. 

4. The Mummy is designing a torture-chamber inside his pyramid for the graverobbers. This chamber has 
the shape of a triangle that is cut out by one of the diagonals from a rectangular room. The rectangular room 
has the following parameters: its width is 11.7 metres and the depth is 7.8 m. 

Draw the figure of the torture-chamber. Give the length of the third wall of the torture-chamber. 

5. The ghosts of the labyrinth were playing with the calculator and had a competition for writing existing 
words on the screen of it. The winner was Casper who managed to write the word hello. Write down the 
steps – which buttons can be pushed in which order – that you manage to have the word hello on the 
calculator’s screen. 

6. Dracula and his family had their dinner together at Halloween. His wife is called Agnes, and the 
daughters Betty and Cybilla. The waiter wrote the first letters of the participants’ names to their blood 
glasses but mixed them up when was distributing among them. 

Who had whose glass in the hand after the mistake of the waiter, if the following statements are known: 

- No one got his own blood glass. 

- Betty had letter A on her glass. 

- There was not D on the glass in Cybilla’s hand. 

- On Dracula’s glass there wasn’t the letter B. 

7. In the following chart you can read out a word in many different ways when starting in the top left corner 
and ending in the bottom right one. 

S P I D 

P I D E 

I D E R 

Give the exact number of how many different routs exist from the top left to the bottom right corner during 
while we are reading the word spider. 
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GENIKO LYKEIO AGRIAS  

Our school, "Geniko Lykeio Agrias , is a public high school of general education which consists of about 
200 students and 20 teachers.  

It is located in Agria, a small sea town next to Volos, the 4th biggest town in the middle of Greece.  

The ancient name of Volos was Iolkos, a seaport of significant importance and is supposed to be the place 
from where the Argonauts set sail for Colchida according to mythology. Pelion, the mountain of ours, was 
known as the mountain of Kentauros creatures.  

In our school there are 3 grades. Students attending the 2nd 
 
and the 3rd grade, except for the basic lessons, 

choose and have lessons among the fields: Theoretical field (e.g Latin lessons, ancient Greek lessons, 
Philosophy etc), Technological field (e.g. Advanced Math, Physics, Electronics etc) and Scientific field (e.g. 
Advanced Chemistry, Biology etc).  

In May students take exams at national level in order to get to Greek universities. Our school has significant 
success in these exams every year.  

Several projects have been accomplished, in various fields, as following:  

·  Arts and Civilization (e.g. dangers of the use of internet, movies of science fiction and future life on 
earth, past great music composers, future jobs, traditional houses, 
churches and monasteries in our region etc).   

·  Natural Sciences - Math and Technology (e.g. solar energy, energy 
of water, thunders, lakes etc).  

· Environment and Aeiforia (e.g. growing of plants, construction and 
maintenance of school garden etc).  

· Human and social sciences (e.g. way of life of disabled people, 
volunteering etc).  

Our school has long manifested interest and experience in the scientific fields. Physics teachers of our 
school published their own books which have national approval. Many teachers of Magnesia are frequently 
trained, in our school, by teachers of ours, in the fields of quantum chemistry, physics, advanced chemical 
theories, astrophysics etc. Many lectures are, therefore, organized every year.  

As far as European projects are concerned, our school was involved in the Comenius project with the 
subject: "Young Explorers of the Sea" and  in the Erasmus + project “Math around us”.  

In addition, our school cooperates with Porphyrogenis foundation, an institution in Agria, of public benefit. 
Porfyrogenis foundation is an institution of worldwide acknowledge, organizing every year, in April, an 
International Festival of Music, called “Evmeleia”. Our school offers a wide range of extracurricular 
activities including a theatrical group, a group of folk dancers and sports teams.  

Both teachers and students often have the opportunity and the pleasure to meet, discuss with and have 
lessons by distinguished scientists. Moreover, our school cooperates with the Astronomy and Space 
Company, an institution which organized the 7th International Olympiad on Astronomy and Astrophysics 
during 2013. Our students had in the past, the opportunity to view the sky, the stars, the moon phases 
through telescopes arranged in our school yard.  

The ultimate aim of our school is to foster values such as commitment, empathy, compassion, helpfulness, 
honesty, and responsibility.  
Introduction 
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Archaeology is the study of the ancient and recent human past through material remains and is considered to 
be a social science and a branch of humanities. It was developed in Europe during the 19th 

 
century growing 

out of an older study known as antiquarianism, therefore archaeology is a very ‘young’ science used by 
nation-states to create a particular vision of the past. 

The archaeological record consists of artifacts, architecture, biofacts and cultural landscapes whereas its 
discipline includes surveying, excavation and eventually the analysis of the collected data. It becomes quite 
obvious that to accomplish all the above, archaeology relies upon other disciplines like anthropology, 
history, art history, classics, ethnology, geography, geology, linguistics, semiotics, physics, chemistry, 
statistics, paleoecology, paleontology, paleozoology and paleobotany. 

Still, the word math seems to be nowhere yet; how then are we to discuss about math in archaeology?! 

Having a second thought though, behind surveying, excavations and data analysis there must be a Method; 
wherever there is a method, there must be Math. For example, the modern excavation techniques require the 
precise location and registry of objects, which leads to gridding and therefore to coordinates - that means use 
of math. Not to mention that once the artifacts and structures have been excavated, then measurement, 
geometry, calculation, classification, dating, architectural analysis and reconstruction are some of the 
successive actions that may cross our minds – all closely related to math. Consequently, math doesn’t appear 
as a cross-discipline, since math is always present in everything with structure, method or computation. 

Archaeology is divided into various specialties. For example, Prehistoric archaeology focuses on past 
cultures which did not have written language and therefore relies mainly on excavation to reveal cultural 
evidence. Historical archaeology is the study of cultures that existed during the period of recorded history, 
one of its branches being classical archaeology which generally focuses on ancient Greece and Rome. 
Furthermore, there is underwater archaeology, which studies physical remains of human activity that lie 
beneath the surface of oceans, lakes, rivers and wetland, and maritime archaeology, another branch which 
studies human interaction with the element of water. Some other specialties within archaeology are: urban 
archaeology, industrial archaeology and bioarchaeology. 

Eventually, the purpose and goal of every archaeological activity is always the same: understanding of the 
past by figuring out when, where and how people lived along with the changes and their causes which have 
occurred in human cultures over time, and, of course, discovering the origins of (almost) everything - math 
included. So, along with math used in archaeology, there is also math whose use archaeology revealed in the 
past, which again can be interpreted only by using math terms; this is a vicious circle which only proves the 
close relationship between archaeology, history and math - the meaning of our title, after all. 

Literally speaking, the word archaeology <archaiologia> (= αρχαιολογία) is a Greek complex word made of 
the words αρχαίος <arkhaîos> (=ancient) + λόγος <lógos> (=speech), so archaeology aims at exploring the 
ancient time and its course through history. In our case, ultimately aims to talk about ancient math or math 
history, a significant part of the history of the human kind, enlightening it’s endeavor of understanding the 
world around; as Aristotle said: ‘All men, by nature, want to know’. 
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LESSON 1 THE BABYLONIAN AND THE EGYPTIAN NUMERAL SYSTEMS IN THE 

PLIMPTON 322 CLAY TABLET & RHIND’S PAPYRUS 

‘...thorough study of all things, insight into all that exists, knowledge of all obscure secrets." ‘Achmes’ 

RHIND’S PAPYRUS 

It is generally assumed that mathematics had its origin in Egypt. The largest and most famous source of 
knowledge about the Egyptian maths is the Rhind Mathematical Papyrus (RMP; also designated as papyrus 
British Museum 10057 and pBM 10058). It is named 

after Alexander Henry Rhind, 

a Scottish antiquarian, who purchased the papyrus in 1858 in Luxor, Egypt. Ιt was apparently found during 

illegal excavations in or near the Ramesseum
1
. It dates to around 1650 BC. The 

Rhind Mathematical Papyrus dates to the Second Intermediate Period of Egypt. (Waerden, 1975 (4th 
edition)) It was copied by the scribe Ahmes. 

From the beginning of the Egyptian writing, there were two styles, the hieoroglyphic writing for 
monumental inscriptions and the hieratic, or cursive, writing done with a brush and ink on papyrus. 

The Rhind’s papyrus is written in the hieratic script, is 33 cm tall and consists of multiple parts which in 
total make it over 5m long. The papyrus began to be transliterated 

1 The Ramesseum is the memorial temple (or mortuary temple) of Pharaoh Ramesses II (“Ramesses the 
Great”, also spelled "Ramses" and "Rameses"). It is located in the Theban necropolis in Upper Egypt, across 
the River Nile from the modern city of Luxor. 

 
Aerial view of Thebes' Ramesseum, 

 
showing pylons and secondary buildings 
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and mathematically translated in the late 19th century. The mathematical translation aspect remains 
incomplete in several respects. (WIKIPEDIA) 

Another basic source of our knowledge about the Egyptian maths is the Moscow Papyrus which is now in 
the Moscow Museum of Fine Arts. This is dated from roughly the same period. 

These two mathematical texts informs us about all the types of problems needed to be solved. The majority 
of problems were 

concerned with topics involving the administration of the state. One other area in which mathematics played 
an important role was architecture. Numerous remains of buildings demonstrate that mathematical 
techniques were used both in their design and construction. Unfortunately, there are few detailed accounts of 
exactly how the mathematics was used in building, so we can only speculate about many of the details. 

The Egyptian maths are considered to be essentially empirical or inductive and because of this they may 
seem a little underestimated comparing with the theoritical foundation of the greek mathematics. They 
consist of the introduction of the early numeral systems, simple arithmetic and practical geometry, 
mathematical tables and collections of mathematical problems. But a more contemporary point of view 
express the idea that the Egyptian calculations should be seen as the origins of the algorithmic syllogism. 
Their arithmetic calculations resemble the way of a computer’s ‘thinking’. 

The earliest type of numeral system that was developed is that which has been called as simple grouping 
system. In such a system a number b is selected for number base and symbols are adopted for it’s powers 1, 

b
2
, b

3
...and so on. Then any number is expressed by using these symbols additively. 
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WORKSHEET 1 

The Egyptians developed two different number systems, one for each of their two writing styles. The 
Egyptian hieroglyphic numeral system is based on the scale of ten. The symbols adopted for the unit 1 and 
the 

first powers of ten are: the familiar vertical stroke | for the unit 1, the heel bone for 10 , the scroll for 100 = 

10
2
, the lotus flower 

for 1000=10
3 

, the pointing finger for 10000=10
4  

and some more (see the table below) 

 
Activity 1: Can you figure out what are the following numbers? 

= 

 
(Note that the usual practice was to put the smaller digits on the left) 

Activity 2: Write the following numbers in the Egyptian numeral system. 58 = 

124= 

3523= 

Once there is a system of writing numbers, it is only natural that a civilization will devise algorithms for 
computation with these numbers. 

Activity 3: Can you do the following addition? 

+ 
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Activity 4: In another place on the papyrus, archaeologists found the following procedure. What do you 
think is he doing? 

 
The procedure stops and the scribe adds the results of the first, the third and the fourth row, like that: 

Why do you think that the scribe is doing that? What does he want to do? 

 
Because division is the inverse of multiplication, a problem such as 156 1̧2 would be stated as, “multiply 
12 so as to get 156”. Of course, division does not always “come out even.” When it did not, the Egyptians 
resorted to fractions. The Egyptians only dealt with unit fractions or “parts” (fractions with numerator 1), 
with the single exception of 2/3, perhaps because these fractions are the most “natural.” The fraction 1/n (the 
nth part) is in general represented in hieroglyphics by the symbol for 

the integer n with the symbol above. So 1/7 is denoted in the 

former system by . The single exception, 2/3, had a special symbol: 

in hieroglyphic. Two other fractions, 1/2 and 1/4, also had special symbols: and , respectively. 

Activity 5: The Problem 3 of the Rhind’s papyrus says: ‘Divide 6 loaves of bread to 10 men’. 

Can you imagine what was the given solution thinking like an ancient Egyptian? 
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PLIMPTON 322 

The most remarkable of the Babylonian mathematical tablets yet analyzed, is the Plimpton 322 meaning 
that it is the item with catalogue number 322 in the G.A. Plimpton Collection at Columbia University. It is 
a clay tablet, believed to have been written about 1800 BC. It has a table of four columns fifteen rows of 
numbers in the cuneiform script of the period. 

The Babylonians at various times used different systems of numbers, but the standardized system that the 
scribes generally used for calculations in the “Old Babylonian” period was a base-60 place value system 
together with a grouping system based on 10 to represent numbers up to 59. Babylonians used to write upon 
clay tablets while they were still wet. They had to do it fast because if the clay dried, it would be too hard to 
write upon it. It makes sense to consider that in this case the clay tablet became the modulate mean that 

defined the form of the represented numbers. Thus, a vertical stylus stroke on a clay tablet represented 1 
and a tilted stroke represented 10. By grouping they would, for example, 37 is represented by 

For numbers greater than 59, the Babylonians used a place value system; that is, the powers of 60, the base 
of this system, are represented by “places” rather than symbols, while the digit in each place represents the 

number of each power to be counted. Hence, 3× 60
2 

+ 42 × 60 + 9 (or 13,329) was represented by the 
Babylonians as 

 
 

 
The Old Babylonians did not use a symbol for 0, but often left an internal space if a given number was 
missing a particular power. There would not be a space at the end of a number, making it difficult to 

distinguish 3 × 60 + 42 (3,42) from 3× 60
2 

+ 42 × 60 (3,42,00). Sometimes, however, they would give an 
indication of the absolute size of a number by writing an appropriate word, typically a metrological one, 
after the numeral. Thus, “3 42 sixty” would represent 3,42, while “3 42 thirty-six hundred” would mean 
3,42,00. On the other hand, the Babylonians never used a symbol to represent zero in the context of 
“nothingness,” as in our 42 − 42 = 0. 
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WORKSHEET 2 

Activity 1: Can you write the following numbers in the Babylonian numeric system? 

34= 62= 247= 18863= 

Activity 2: Find out what is the value of the Egyptian or Babylonian numbers pictured below, in our 
contemporary decimal system. 

 
 

 

 

LESSON 2 PYRAMIDS, SULBA SUTRAS AND THE SACRED GEOMETRY 

Shulba –Sutras
2
 

The Shulba-sutras (Śulbasūtras), a collection of Hindu religious documents, were written between 600 and 
300 B.C. And also like the Vedas, the shulba-sutras were not mathematics textbooks! These contained the 
instructions for making special altars to the gods. These altars, made out of mud-brick, could be very 
complicated in shape and size, and often required the use of mathematical formulas. Shulba means "cord", 
and the shulba-sutras are so named because the Hindu priests used a simple cord or string for all (or at least 
most) of their constructions. This cord could work as a straight edge (stretched tight), a compass (drawn 
around a point), and more (such as getting proportional lengths, by doubling the string over itself the desired 
number of times). There are examples where a rule of the lengths of sides of right triangles appears and it is 
expressed as: "the cord stretched in the diagonal of a rectangle produces both areas which the cords forming 
the longer and the shorter side of a rectangle produce separately." In other words, the sum of the squares of 
the two different sides of the rectangle equals the square of its diagonal. ("Squares" probably meant the area 
of actual squares drawn on the three sides of the triangle formed.). So, the “Pythagorean theorem” seemed to 
be already Known! But... NOT for every right triangle. It seems that they had found some "Pythagorean 
triplets" (for example 3, 4, 5 and 5, 12, 13) that they were used as a sort of proof of that proposition. Also it 
was a way to make 
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The Shulba Sutras are part of the larger corpus of texts called the Shrauta Sutras, considered to be 
appendices to the Vedas. They are the only sources of knowledge of Indian mathematics from the Vedic 
period. 

 

Nevertheless, no proof has ever been found before the time of Pythagoras. The Vedas and Sulva-sutras were 
not concerned with proofs or reasons, only with the correct performance of rituals so that their crops would 
grow. 

Pyramids of Giza, (2575–2465 B.C.) were erected on a rocky plateau on the west bank of the Nile River 
near Al-Jīzah (Giza) in northern Egypt. In ancient times they were included among the Seven Wonders of 
the World (Britannica) . 

William Flinders Petrie was the first to scientifically investigate the Great Pyramid in Egypt during the 
1880s. He was also responsible for mentoring and training a whole generation of Egyptologists, including 
Howard Carter who went on to achieve fame with the discovery of the tomb of 14th-century BC pharaoh 
Tutankhamun. 

Petrie is a man who may legitimately be called the Father of Archaeology. His painstaking recording and 
study of artifacts, both in Egypt and later in Palestine, laid down many of the ideas behind modern 
archaeological recording; he remarked that "I believe the true line of research lies in the noting and 
comparison of the smallest details." Petrie developed the system of dating layers based on pottery and 
ceramic findings, which revolutionized the chronological basis of Egyptology (Wikipedia). 

 
3 This way was also used by the Egyptian rope-stretchers (harpedonaptis). A rope with 12 knots 24 
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WORKSHEET 3 

In one of the major shulba-sutras (mathematically the most significant) Baudhayana, it is referred how to 
double the area of a square altar. 

Activity 1: Can you draw a square, using only a simple string? 

 
 

Activity 2: Can you then double it’s area? 

 

WORKSHEET 4 

Twenty six of the 110 problems in the Moscow and Rhind papyrus are geometric. Most of these problems 

stem from mensuration formulas needed for computing land areas and granary
4 

volumes. 

Activity 1: The problem 41 opens up the papyrus geometry section where ancient Egyptian volume units are 
reported here via unit conversions. Read carefully the following problems as well as the given solutions of 
the Rhind’s 

papyrus and answer the question: 

Can you classify the various measurement units and their subdivisions you meet inside the papyrus 
according to what scribe Acmes measure each time? 

Achmes estimates the volume of a granary, using a formula that according today’s symbolism would 

æ 1 ö
2 

look like this: V =çd - d÷ ×h 

d is given to be: 9 cubits = 63 palms =252 fingers h is given as: 10 cubits = 1 khet 

 

so the result is: V= 640 cubic cubits = 960 khar or 4800 quadruple heqat. In another problem a rectangular 
area, being 10 by 100 cubits the given result is: Area=1000 square cubits or 1 setat 
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, where d is the base’s diameter and h the granary’s height. 

 

 
Measurement 

    
 

4 Cylindrical grain silo 

 

 
units of 
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Length 

 
 

Area  

Volume  

The conversions above are given here simplified because in the Rhind’s papyrus were expressed in fractions 
according to their computational method. For example, 

V =
æ

790+ 
1 
+ 

1 
+ 

1 
+ 

1 ö
cubiccubits 

ç 
18 27 54 81

÷
 

 

èø =
æ

1185+
1
+

1ö
Khar=

æ
59+

1
+ 

1 ö
hundredquadruplehegat 

ç 
654

÷ ç 
4108

÷ 
èøèø 

 
Activity 2: The previous problem of Rhind’s papyrus reinforces the idea that the area of a circle is equal to 
that of a square on 8/9 of the diameter. That informs us about the approximate value of π of that time, if π 
was existed, but it was not, as it has not yet been discovered as an idea. 

Can you estimate what would be then, the value of π? 

 
Activity 3: The final six problems that exist in the Rhind’s papyrus are referring to pyramids. For example 
problem 56 says: 

‘If a pyramid is 250 cubits high and the side of its base 360 cubits long, what is its seked?’ 

The solution to the problem is given as the ratio of half the side of the base of the pyramid to its height and it 
was given in palms. 

half the side of the base height 

What do you think the word seked is related to? 

Define ‘seked’ in today’s terminology. 

Find the pyramid’s seked in problem 56. 

Find the volume and the seked of your model pyramid. Would seked be different if lengths were measured 
in cubits? 
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LESSON 3 

FROM THE MEASUREMENT OF LAND BY AN ANCIENT EGYPTIAN ROPE-STRETCHER 
(HARPEDONAPTIS), TO THE CONTEMPORARY GRIDDING OF AN ARCHAEOLOGICAL SITE 

When archaeologists excavate a site they must record everything they observe. That means not only artifacts 
but also changes in the soil. Why? Because everything people do to the earth changes the way it looks. For 
example, people cooked food in open fire pits. Those pits left behind charcoal and burned animal bones. 
Features like this can show how people were using an area (Society for Historical Archaeology, 2016). 

Moreover, once a site has been dug (or in the case of sites with no depth, the surface artifacts have been 
collected), it is gone forever and can never be replaced with another just like it. Because sites are destroyed 
during collection or excavation processes, archaeologists record them in detail to preserve the context of all 

the artifacts and structures. Archaeologists in the future can study an excavated site only if good notes and 
maps are made. 

One way archaeologists preserve context on paper is through the use of the rectangular grid, or Cartesian 
coordinate system. The first step in the excavation process is to establish a grid. A site datum is set at an 
arbitrarily chosen location and is designated as (0, 0). Two perpendicular axes or lines intersecting at the site 
datum are then established and a rectangular grid is superimposed over the entire site. Each square on the 
ground is marked with numbered stakes in the corners, so that each square or grid unit has a unique “name” 
referred to by its coordinates. The coordinates indicate the distance of a given point north, south, east, or 
west from the site datum. 

 
Once the grid is established, all artifacts and structures are measured and recorded using the system. Before 
excavation actually begins, all artifacts visible on the surface are collected and their locations on the grid are 
recorded. As the excavation proceeds, materials found under the surface are similarly recorded and 
collected. When the archaeologist returns to the laboratory, the maps and the data recorded in the field can 
be used to make inferences about past events and the life ways of the site’s inhabitants. If the exact location 
of each artifact transported back to the laboratory is known, then the object can be tied to its context within 
the site ( Intrigue of the Past from the UNC Research Laboratories of Archaeology, 2016). 

The above method draws its origins from the work of Mortimer Wheeler and Tessa Wheeler at 

Verulamium
5 

(1930–35). Later was refined by Kathleen Kenyon during her excavations at Jericho
6 

(1952–
58). The Wheeler-Kenyon system involves digging within a series of squares that can vary in size set within 
a larger grid. This leaves a freestanding wall of earth—known as a "balk" that can range from 50 cm for 
temporary grids, and measure up to 2 meters in width for a deeper square (see at the picture below). 

5 A town in Roman Britain 6 A city in the Palestinian Territories 
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WORKSHEET 5 

Activity 1: Draw a square that will include the site you want to grid like an ancient rope-stretcher. 

Activity 2: Now, make your grid, dividing the sides of the square into equal segments. Decide on your own 
how many segments you will need, justifying your decision. The length of the segment will be your measure 
unit for the coordinates of your grid. 

Activity 3: Artifact location record “Each artifact belongs to a certain square of the grid. This square is 
called grid 

unit and is designated by the coordinates of one corner, usually the southwest corner. The archaeologist 
must therefore record in which grid unit each artifact was found”. 

Use the following grid to mark your excavation site and the artifacts you found inside it. Remember that the 
grid must also be properly oriented, so make sure that the compass is properly assigned, otherwise make all 
the changes is needed. 

Activity 4: You have found a broken piece of pottery. Can you think a way to calculate the pot’s 
circumference? 

A quite similar problem but more simplified is the 

following: You want to calculate the circumference of a circle using only a portion of it (an arc). How would 

you do it? 
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Fill in the artifact location record board, according your grid. 

Grid No Flakes
7
 Sherds

8
 

 
Artifacts 
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7 Flake: a thin piece of stone removed by striking a larger piece with a hammer 8 Sherd: a broken piece of 
pottery 

 
LESSON 4 

FROM THE EGYPTIAN NUMBER MYSTICISM TO THE PYTHAGOREAN THEORY OF NUMBERS 
AND THE DISCOVERY OF THE IRRATIONAL MAGNITUDES 

“ Being engaged in math prepares the eyes of mind and soul to experience what there is- not in the material 
world, but in the world of ‘ideas’ and leads to the true happiness’ Pythagoras 

Pythagoras, an outstanding Greek Mathematician, is enveloped by his followers with such a mythical haze 
that little is known about him with certainty. Is seems that he was born about 572 B.C. on the Aegean island 
of Samos. It is possible that he studied under Thales, who was about fifty years older. Pythagoras has 
travelled a lot and cannot be doubted that he spent a considerable time in Egypt. It is also said that he had 
also been to Babylon. So, he was initiated into the number mysticism and the sacred geometry secrets. When 
he returned, he settled down in the Greek seaport of Crotona in southern Italy. There, he founded his famous 
Pythagorean School which except from being an academy for the study of philosophy, mathematics and 
natural sciences developed to a closely Knit brotherhood that continued to exist at least two centuries after 
his death. 

The Pythagorean philosophy rested on the assumption that the whole numbers are the cause of everything. 
This led to a thorough study of number properties. Along with the arithmetic (number theory) the 
Pythagorean program study also included geometry, music and astronomy. This group of studies became 
known in the middle ages as the quadrivium, to which was added the trivium of grammar, logic and rhetoric. 
These seven liberal arts came to be considered the necessary equipment of an educated person. 

The ancient Greeks made a distinction between the study of the abstract relationships connecting numbers 
and the practical art of computing with numbers. The former was known as arithmetic (the science of 
numbers), the latter as logistic (the art of calculation). Today in many places the word arithmetic is 
synonymous with that of ancient logistic and for the abstract side of number study we use the term number 
theory. 

Pythagoreans classified the whole numbers in various groups. Odd and even numbers, triangular, 
rectangular and polygon numbers, oblong, gnomon, perfect, friendly or amicable numbers, excessive e.t.c. 
|They also referred virtues to numbers. For example number 5 was the cause of color, 6 of cold, 7 of mind 
and health and light 8 of love and friendship and so on. So, Pythagoreans laid more or less much of the basis 
of future number mysticism. 
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WORKSHEET 6 	

Number 6 seemed to be an important number till Pythagoras classified it as perfect
9
. What does it make it so 

special? Note that: 1+2+3=1×2×3=6 

What do you observe? 

Activity 1: Do the prime factorization of number 496. 

Activity 2: Now, can you find ALL the divisors of 496? 

Activity 3: Add ALL the divisors of 496 (except the number itself). What is the result? What kind of number 
is 496 then? 

9 Perfect number: a number which is equal to the sum of its own aliquot parts. Nicomachus, Knew four 
perfects numbers (6, 28, 496, 8128), but no more. They are formed in ‘ordered’ fashion, one among the units 
(i.e. less than ten), one among the tens (i.e. less than 100), one among the hundreds (i.e. less than 1000) and 
one among the thousands (i.e. less than 10000= a myriad) (Heath, 1981) 

 
 

WORKSHEET 7 

The following graphs are Pythagorean representations of some numbers. What numbers are they? How 
would you name them? 

Activity 1: Can you find the next three numbers? 

 
Activity 2:Write down the algebraic expression for each number of the above series, eg: 

2
nd 

number =1+2 3
rd 

number =1+2+3 . . . 

How would you express then, the n
th 

number of this series? n
th 

number = 

Activity 3: Can you find a way to find the 20
th 

number without finding all the previous ones? Perhaps the 
following picture may give you an idea! 
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Useful hints 

 
·  If you double a triangular number, what shape do you get?   

·  Can you estimate the number of dots of that shape, without counting them one by one?   

 
 

Activity 4: Now look at the following picture. What does this picture really say to us? 

The successive numbers added to the one are: 3, 5, 7, ..., (2n+1), that is to say the successive odd numbers. 
The odd numbers successively added were called gnomons. 

Look at it carefully and then fill in the equations: 

1+3 = 2
2 

1+3+5 = 1+3+5+7= 1+3+5+7+9= . 

. . 1+3+5+7+...+(2n-1)= 

If n
2 

is any square which is the next odd number you must add to it to get to the next square? Can you 
express the whole idea in contemporary 

algebraic terms? 

Which familiar algebraic formula is hidden behind this geometrical representation? 
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THE DISCOVERY OF IRRATIONAL NUMBERS 

One problem which the ancient Egyptian and Hindu priests must have run into was that they could not find 
any squares with the sides and diagonal of integral lengths. In the end, they came up with an incredibly close 
approximation (6 digits of accuracy) to the square root of 2 (the length of the diagonal of a square whose 
sides are one unit). So, they probably felt that something was going on with the diagonal of the square but 
they stopped there. 

As you have already seen so far, the division, fractions, divisors, e.t.c. were in common practice. Everyone 
believed intuitively that any magnitude can always expressed by some rational number. No one could doubt 
that given two line segments one can ALWAYS find a third line segment, perhaps very, very small that can 
be marked off a whole number of times into the two given segments. That is to say it was beyond any doubt 
that there is always a common measure unit for two line segments! BUT... things proved to be otherwise! 

Contrary to the intuition then, there exist incommensurable line segments- that means, segments having no 
common unit measure! 

The proοf was given by Theaetetus. 

If two magnitudes have a common measure, the Euclidean algorithm
10 

will always come to an end when we 
find remainder zero. 

Let s be the side of a square ABCD and d its diagonal. We will show that the side and the diagonal are 
incommensurable. 

10 The Euclidean algorithm is a process to find the greatest common integral divisor (g.c.d) of two positive 
integers. This algorithm is at the foundation of several developments in modern mathematics. The process 
is: 

1. Divide the larger of the two positive integers by the smaller one   

2. Divide the divisor by the remainder  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3. Continue this process of dividing the last divisor by the last remainder, until...   

4. ... the division is exact   

 

 
We draw the circle (D, s) that intersects d at E. Then, DE=s. If we lower the perpendicular line from E to 
BC, then the EBF is an isosceles 

d =1×s+s, d =s +s , s=d +s Þ 1112 11 

s=2×s +s , s =s +d , d =s +s Þ 12122223 

s =2×s +s 123 

s2 =2×s3 +s4 

rectangular triangle (since DBC and therefore half square. Also, EF=FC=S1 (as tangent segments). So, 

is 45
o
) 

 
, 
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Therefore the fact that this process will never come to an end according the Euclidean algorithm, as the 
diagonals d, d1, d2, ... will always be greater than the sides s, s1, s2, ... means that the side of the square and 
its diagonal have no common measure. The infinite sequence (1,2,2,2...) that is produced by the algorithm 
corresponds to theirrational number 2 according to modern mathematics theories (Eves, 1990 ). 

The proof of the irrationality of 2 upset the basic assumption of the Pythagorean philosophy that everything 
depends to the rational numbers. But the worst of all was because all the propositions in the Pythagorean 
theory of proportions assumed that always two magnitudes were commensurable, their general theory of 
similarity became invalid. So great was the logical scandal that efforts were made for a while to keep the 
matter ας α secret. According to a legend the Pythagorean Hippasus was banished from the Pythagorean 
community and a tomb was erected for him, as though his was dead, because he spread the secret to 
outsiders. 

 
LESSON 5 

SYMMETRY AND PLANE TESSELATIONS AS A TOOL OF RECONSTRUCTION OF ANCIENT 
DECORATIVE PATTERNS: THE CASE OF THE FLOORS IN THE TRAJAN MARKET OF ANCIENT 
ROME 

Reconstruction of the original aspect of ancient floors is a classical problem for archaeologists and 
restoration architects. The reconstruction is based on the fragments remaining on site. 

The study of reconstruction of floors evidently stems from the hypothesis that missing parts can be filled-in 
starting from the information still available on place. The mathematical theory of plane tessellations based 
on symmetry seemed to be useful to the archaeologists that did the analysis and reconstruction of the 
original aspect of the floors of the tabernae in the hemicycle of the Trajan Markets in Rome, Italy. 
(Conversano, Carlini, & Tedeschini, 2008) 

From the famous palace of Alhambra in Granada, Spain, to the decorations and friezes of the “quartiere 
Coppedè” in Rome, artifacts display different historical and material features, but a common compositional 
criterion, that can be analyzed as an instance of plane tessellation. Repetition of motives is common to all 
such examples. Repetition, in this case, mathematically translates to invariance under rigid motions on the 
plane, or isometries of the plane. How many groups of rigid motions can be defined on the plane? This 
question, arisen in 
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crystallographic context in the mid 1800’s, got complete mathematical treatment in 1924, by Polya. Coxeter 
reports independent discoveries of the classification. The answer is there are only 17 laws of periodic 
repetition in the plane. 

(See at Wikipedia the links about: group symmetry, the 7 frieze groups & the 17 wallpaper groups). 

What is symmetry? Symmetry is an isometric transformation that leaves the object invariant, 

like: · Translation 

· Reflection 

· Glide reflection = reflection + translation 
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· Rotation 

by 180
o
 

 
by 90

o 
by 60

o
 

and so on... 

So, the whole idea is if there is some kind of symmetry in a decorative pattern in order to reconstruct it you 
only need some fragments. As a matter of fact the only fragment you need is ‘the fundamental domain’ or 
else the minimal region that contains all graphic information needed. 

Look for example the next examples. Would it be a problem to reconstruct the initial pattern? Can you 
identify the kinds of symmetry involved and find the ‘fundamental domain’? 
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WORKSHEET 8 

Here are the remaining parts of some floors of the tabernas of the Ancient Trajan Market. Can you 
reconstruct the initial patterns? What kind of symmetries are involved and what is the ‘the fundamental 
domain’ in each case? 
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LESSON 6 

FROM THE SHADOW OF CHEOP’S PYRAMID TO THE MEASUREMENT OF THE EARTH’S 
CIRCUMNFERENCE BY ERATOSTHENES 

Eratosthenes was born in 276 or 275 B.C. and he was the chief contemporary of Archimedes. He was 
excellent in various domains, as a mathematician, a geographer, a historian, a philologist and a poet but he 
lacked the genius of Archimedes. A nickname for him was ‘Pentathlus, the champion of five sports, who 
accomplished excellent results in a great diversity of fields, without being at the top of anyone. He must 
have been around fifty when he was called to the court of Ptolemy III to educate the crown prince. At the 
same time he became the headmaster of the world famous Alexandria’s library. Eratosthenes was a typically 
Alexandrian scholar. The refined culture of the Hellenistic royal court, where poets, philosophers and 
grammarians competed in the purification of the language, was his elements. In his later years he grew blind 
and died by suicide. (Waerden, 1975 (4th edition)) 

 
Eratosthenes calculated the circumference of the Earth without leaving Egypt. He knew that at local noon on 
the summer solstice in Syene (modern Aswan, Egypt), the Sun was directly overhead. He knew this because 
the shadow of someone looking down a deep well at that time in Syene blocked the reflection of the Sun on 
the water. He measured the Sun's angle of elevation at noon on the same day in Alexandria. The method of 
measurement was to make a scale drawing of that triangle which included a right angle between a vertical 
rod and its shadow. This turned out to be 1/50th of a circle. Taking the Earth as spherical, and knowing both 
the distance and direction of Syene, he concluded that the Earth's circumference was fifty times that 
distance. (WIKIPEDIA) 

It is said that Thales of Miletus more than 200 years earlier had also used the shadow of a simple stick to 
measure the height of the great pyramid of Cheops. Actually, the whole idea of the parallel sun’s rays, their 
properties and the similarity that stem from this fact was his idea. 
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WORKSHEET 9 Activity1 (in the computer lab) 

For the experiment we are going to use the web-based NOOA Solar Calculator, which is at the link: 
http://www.esrl.noaa.gov/gmd/grad/solcalc/ 

1. Find and ‘pin’ on the map our school location. (Greece - Volos- Agria – road ‘Τριανταφύλλου’).   

2. Adjust the Time Zone ( for Greece is GTM+2)   

3. Under the map you will find the latitude and the longitude of our  location. Copy and paste them to the 
table below.   

4. Fill in the appropriate information concerning the date of the  experiment as well as the exact hour that 
you are doing it.   

5. Note at what time will be the Solar Noon
11 

that day.   

Fill in the following table with the information you have got. 

TABLE1 

11 Solar noon is when the sun crosses the meridian and is at its highest elevation in the sky (midday) 50 

 

Latitude 
 
Longitude 

 

 
Solar Noon 
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Activity2 (at the school yard) The experiment must take place at the Solar Noon. 

·  Hold a vertical stick on the ground and note the end of its shadow.   

·  Measure the stick’s length (it would be of great convenience if you  could use a stick of 1 meter)   

·  Measure the length of the stick’s shadow. The starting point is  considered to be the base of the stick.   

·  Write down your measurements. Let H be the stick’s length and S  the shadow’s length.   

Η S 

  

 
· Use your measurements and your trigonemetrical knowledge to find tanb and then the angle b itself. 

Angle b 
 

 

Activity3 (return to the class) 

Open the following link: 

http://astro.unl.edu/classaction/animations/c oordsmotion/sunsrays.swf using the ‘start- stop’ Key find the 
latitude where the sun rays are perpendicular to the earth’s surface. 

Keep your findings here: 

Activity 4 

Find the geographical coordinates of a place on earth which: 

·  Has the same latitude with the one you find above and   

·  The same longitude with our position.  Fill in the board with the needed coordinates  TABLE 2 
 Activity5 Go to the Google Earth and   

·  find the position A that corresponds to the coordinates of TABLE 1 (our position)   

·  As well as the position B that corresponds to the coordinates of TABLE 2.   

·  Using the ‘ruler’ tool, measure the distance between the position A and B  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·  Write down the distance here:   

 
Latitude of the position with vertical sun rays  

 
Latitude 

Longitude 

 
  
Distance ΑΒ or l  

 

Activity 6 

Locate your data upon the following picture. 

· What happens at place B where the sunrays are perpendicular to the earth’s surface? 

.......................................................................................................................................... 

.......................................................................................................................................... 
· Can you justify why the noted angles in the picture are equal in size? 
.......................................................................................................................................... 
.......................................................................................................................................... 

Activity7 Eratosthenes Knew that the circumference L and the circle’s arc l (the distance AB) are 
proportional with the fraction that express what part of the whole circle’s degrees is the angle’s degrees 
(d:the degrees of angle b), that is: 

l
=

d L 360
o
 

In his case the circumference turned out to be about 50 times the distance between Alexandria and Syene. 
What is the analogy in our case? 
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In a more contemporary expression, we could also use the formula of the length of an arc which is: l = 
p 

×R×d 
, where d is the degrees of angle 

 

180
o
 b and l is the distance AB. Then we can find the earth’s radius R and 

thereforeitscircumference: L=2pR. Use whatever you want to calculate by yourself the Earth’s 

circumference. 

If you Know that the real value for the Earth’s circumference is 40.075 Km, find the fault percentage %. 
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Chapter 8 
Math in Geography 
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AGRUPAMENTO de ESCOLAS ANSELMO de ANDRADE  

Agrupamento de Escolas Anselmo de Andrade is located in Almada, in the crossing of the Tagus River (Rio 
Tejo), having the Atlantic Ocean facing Lisbon. Formed in 2008 and being itself an individualized pole and 
at the same time the pivotal point of contact with other spaces, our cluster integrates students from different 
study levels going from ranges as kindergarten to secondary education. Although they have specific plans, in 
which the different activities with the different classes and students from various ages are integrated, the 
three public schools that belong to our cluster share the same Educational Project “Host, Guide and Integrate 
to Build the Future”.  

Our population covers a wide range of different social ranks, with distinct academic expectations. We have a 
great diversity of students: socioeconomic diversity, geographical origin, children from immigrants, having 
Portuguese as a second language, as well as students with special educational needs supported by a Unit 
Support of Multidisability, a Unit of Special Education and a Psychology and Guidance Service.  

The main and largest school, Escola Básica e Secundária Anselmo de Andrade, formed in 1971, offers a 
diversity of courses, basic and secondary grade, aiming to fit our offers to  the students’needs and their 
families.  

 
 

We offer the normal secondary courses (Sciences and Technologies, Economics or Humanities and Arts) 
and professional courses like ICT and Theater Performance. Our students also learn English, French 
orSpanish, as a second foreign language, or Mandarin, optional at secondary grade. In September 2016 we 
had around 960 students in this school, from the 5th to 12th grade, 400 of them in secondary classes.  

We value the development of specific projects such as the methodology of consolidating apprenticeships, in 
constant interaction with the evolving environment, mainly with projects dealing with different areas such as 
environmental, artistic, civics, sports, education for health and school interchange (European schools), 
according to our Educational Project.  

Having this in mind, we have established partnerships with academic and scientific institutions at a superior 
level (both national and international), with institutions of local power, enterprises from our community, 
with the parents’ association, non-profitable social and cultural organizations, besides our training center 
which supports our structured professional training.  

We are an Eco School, a project from ABAE (Blue Flag Association of Europe a Non-Governmental 
Organization for the Environment), a project being part of the priority axis "Low Carbon Economy” 
promoting good environmental practices through the collection of recyclable waste; in the same line of 
action we planted a Biological and Mediterranean Garden including aromatic plants. Our students also 
embraced the challenge of “Taking Portugal to the World”, a project from Emepc (Mission Structure for the 
Extension of the Continental Shelf of Portugal) a platform of knowledge and connection to the ocean.  

 
Every year our Art students organize an exhibition of their work at the Culture Center in Almada, “Ver de 
Fazer” and our school is one of the secondary schools that participate in the “Higher, Secondary and 
Professional Education Show”, an event organized by the Department of Education of the Municipality of 
Almada, to promote the educational offer of all the schools in the municipaliy among the community, and 
help to clarify the students about the options of choice available to their pursuit of studies.  
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Geographical Science  

Geography, a science and a subject of teaching. As a science of society and nature, it is a branch of 
knowledge necessary for the training of teachers. It is present in the daily life of every citizen, either by the 
eagerness to know the world, or by the challenges posed by the environment for the demands of territorial 
planning, tourism, or simply as school tasks of basic education.  

Geography, is the science of "WHERE", the science of locations, spatial structures and spatial processes, of 
the distributions of phenomena in a territorial space. The “space”, geographic reality by excellence, is where 
the geographical variable measured by distances is subscribed in order to measure distances and record the 
results; geographers use a wide number of techniques, such as direct proportionality, which enables the 
spatial representation and analysis.  

The map is one of the most important tools of a geographer’s work and designing maps implies the use of 
concepts of distance between places (how many kilometers go from one place to another) and direction 
(where the place is located).  

The earliest records of geographical knowledge can be found in the ancient Greeks. Specialists in 
philosophy like Pythagoras and Aristotle had a belief that the Earth was round. Eratosthenes of Cyrene (284-
194 BC) was the first to use the word Geography. This word appears for the first time in a work of public 
domain entitled Geography; Eratosthenes has calculated the circumference of the Earth with gigantic 
approximation: 250,000 stadiums (1 stadium = ±168 meters) or ±42,000 Km.  

 

The real perimeter of the Earth is 40,072 km (Pict.1).  

Terra - Earth Al – Alexandria As –Aswan (Syene) C - Earth's center  

Picture 1  

From here Eratosthenes constructed a grid with several meridians and parallels, one of the first maps in the 
history of cartography (Pict.2).  

Picture 2  

The word cartography was introduced by the Portuguese historian Manuel Francisco Carvalhosa, in a letter 
dated from December 8, 1839, from Paris, and addressed to the Brazilian historian Francisco Adolfo de 
Varnhagen, becoming internationally established by its usage.  

During the 15th century, at the beginning of the Great Age of Discoveries, cartographers were more than 
ever needed to record the new continents and oceans to be discovered.  

The Portuguese discoveries were the set of achievements accomplished by the voyages and maritime 
explorations between 1415 and 1543 that began with the conquest of Ceuta, in Africa.  
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The discoveries made an essential contribution to outlining the world map and were responsible for 
important advances in nautical technology and science, cartography and astronomy ,̄ developing the first 
ships capable of safely navigating to the open sea in the Atlantic Ocean (Pict.3).  

Picture 3 – Cantino’s planisphere, the oldest Portuguese nautical chart known, 1502.  

T̄he Quadrant and the Astrolabe, adapted to nautical instrument, were very probably the first instruments 
of astronomical navigation that the Portuguese pilots used; Diogo Gomes, navigator of the Infante D. 
Henrique, referring to a voyage he carried out, around 1462, states to have "observed the height of the arctic 
pole with the quadrant” (Pict.4).  
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A  

B  

Picture 4- The Quadrant (A) and Astrolabe (B)  

In the second half of the 20th century, with Anglo-Saxon neopositivism came up Quantitative Geography, 
an empirical science whose basis lays on the logical-deductive method, definition and use of spatial models 
resulting from human activity and lastly the need for statistical treatment of large amounts of data in the 
search for probabilistic and non-causal relations links this New Geography to mathematical language.The 
notion of relative space where relative distances impose on absolute distances, giving rise to a new 
cartography, the one of distance time and distance cost.  
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Math in Geography  

  
The Earth Geometry  

Cartography  

 
Statistics applied to Geography: demography rates  

  

Geography is dependent on other subjects to obtain basic information, especially from certain specialized 
branches; data from other subjects like chemistry, mathematics, physics, astronomy, anthropology and 
biology are used and these data are related to the studies of populations and their environment.  

High areas of research for graduates in Geography by Portuguese Colleges:  

a) Environment and natural resources - in this case, it is important to mention potential participation in 
environmental impact studies, make use of mathematical tools such as Input- Output Analysis and Integral 
Calculus. See, for example, the calculation and handling of Functions like Marginal Social Damage, Private 
Marginal Damage;  

b) Spatial Planning and Management - here we should mention that currently the perspective focuses on the 
so-called "New Territory Management" that calls, among other issues, to a solid domain of denominated 
Financial Mathematics. See, for example, the Net Present Value and the Internal Rate of Return;  

c) Geographic Information Systems and Remote Sensing – here the essential issue is the ability to elaborate 
and interpret algorithms, in order to allow a better and more complete valuation of the knowledge of the 
graduates in Geography;  

d) Development - in this context, issues related to cluster analysis, economic geography, complex 
development indicators are worth highlighting. It is fundamental the domain of tools associated to 
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Differential Calculus - Derivatives and Partial Derivatives, Differential Equations and Equations to 
Differences, Integral Calculus and Function Studies.  

 

Math in Geography: Practical Exercises  

1 - The Earth Geometry  

The Earth has the form of a sphere so, spherical geometry, basic trigonometry, acute angles, perimeter, 
circumference, arc lengths, great circles and small circles, distances on the Earth’s  

surface, latitude and longitude, are mathematic need to work with.  

1.1 Great circles and small circles  

Consider the sphere drawn on the right. The axis of the sphere is a diameter of that sphere. The ends of the 
axis are called the poles. If we draw any lines around the sphere passing through both poles, a great circle is 
formed. A great circle is the largest possible circle that can be drawn around the sphere.  

Now consider a circle drawn perpendicular to the axis of the sphere. Only one circle, called the Equator, will 
be a great circle. The centre of the equator will be the centre of the sphere as shown on the right. Other 
circles that are perpendicular to the axis of the sphere will be smaller than a great circle and are called small 
circles.  

subjects we  

   
 

To calculate the length around a circle, either great or small, we need to know the radius. The small circle 
will have a radius smaller than that of the great circle, as shown in the picture on the right.  

The length of a circle is found using the formulas for the circumference of a circle:  

C d, where d is the diameter of the sphere C r, where r is the radius of the sphere  

1.2 Arc lengths  

An arc is a portion of the circumference of a circle. The length of an arc can be calculated as the fraction of 
the circle determined by the angle subtended by the arc at the centre, as shown in the picture on the right.  

The arc length l can be calculated using the formula: r, where number of degrees in the central angle  

1.3 Latitude and longitude  

As the Earth is a sphere, great circles and small circles on the surface of the Earth are used to locate points 
on the surface. Consider the axis of the Earth to be the diameter joining the North Pole and the South Pole. 
The only great circle that is perpendicular to this axis is the Equator. The angular distance either north or 
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south of the equator is the latitude. So the Equator is located at 0 latitude.  

   
  

 
Small circles parallel to the equator are called parallels. These small circles are used to describe how far 
north or south of the equator a place is. The maximum latitude for any point on the Earth is 90° N (North 
Pole) and 90° S (South Pole).  

To locate a place on the globe in an east–west direction, the line of reference is the Greenwich Meridian. 
The Greenwich Meridian is half a great circle running from the North to the South Pole. All other places on 
the globe are located by the half great circle on which they lie. These half great circles are called 
semimeridians.  

Each semimeridian is identified by the angle between it and the Greenwich Meridian, the prime meridian is 
the line of 0 longitude for measuring distance both east and west of Greenwich. The International  

Date Line is the semimeridian opposite to the Greenwich Meridian. The International Date Line has 180° of 
longitude, either east or west.  

Any location, on a map or globe, have a pair of coordinates: the first is the parallel of latitude that it lies on, 
the second one is the meridian of longitude, for example Lisbon coordinates, 38 42 ́N and 9 8 ́W (a degree is 
divided into 60 minutes).  
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Exercise 1:  

Consider:  

· 3.1416 · The earth is a sphere with a radius of 6,371 km.  

The geographical coordinates of Lisbon, the capital of Portugal, are approximately, 39 latitude N, 9 
longitude W. The capital of the United States, Washington, D.C. has the same latitude as Lisbon but its 
longitude is approximately, 77 W.  

What is the distance, in kilometers, from Lisbon to Washington, D.C. measured along the parallel which 
goes through the two capitals? (Pict. 5)  

Picture 5  

NOTE: apply to basic trigonometry to calculate the parallel radius that crosses Lisbon and Washington D.C. 
and after use the arc length formula.  

Exercise 2: In picture 6 it is represented part of the map of the Azores Archipelago. A helicopter flew from 
Terceira ( T ) to Graciosa Island ( G ) in a straight line travelling the distance of 81 km. Then it travelled to a 
fixed location in S. Jorge Island ( S ) and came back to the same point in Terceira Island. Calculate the 
travelled distance between Graciosa and S. Jorge Island. Calculate the outcome in kilometers rounded to the 
nearest unit.  

NOTE: apply to the Law of Sines  

  
Picture 6  

 

Exercise 3: Using two points, A and B, situated on one of the river banks, with the distance of 250 meters 
from each other, measurements were made to calculate the distance between point C and point D on the 
other bank. From the measurements given in picture 7, calculate the distance between point C and point D, 
with the outcome in meters, rounded to the nearest unit.  
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NOTE: apply to the Law of Sines and the Law of Cosines  

Exercise 4:  

Picture 7  

 
A scout walks 10 km in the direction 30 NE. His movement towards East is:  

(A) 5km  

(B)  less than 5 km   

(C)  more than 8 km   

(D) between 6 and 7 km  

2 – Cartography  

Cartography is the art and science of map making, practiced by cartographers. Modern practitioners of 
cartography have the advantage of computers and other equipment to assist them, making their maps more 
precise. A map of the world reflects an immense mathematical and aesthetic challenge, that of translating 
the globe to a two dimensional surface.  

 

Many cartographers have struggled with this issue over the centuries, striving to project the features of the 
globe accurately and effectively.  

Numerous approaches have been taken to solve this problem, including the Mercator Projection (Pict.8), a 
map which distorts geological features north and south of the Equator in order to fit the globe into a neat 
rectangle.  

Picture 8  

Other maps portray the globe in sections, reducing the amount of distortion necessary (Pict.9)  
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Picture 9 – Goode and Lambert’s Projection  

Lambert Azimuthal ́s Projection  

  

A map represents a portion of the Earth's surface. Since an accurate map represents the land, each map has a 
"scale" that indicates the relationship between a certain distance on the map and the distance on the ground. 
The map scale is usually located in the legend box of a map, which explains the symbols and provides other 
important information about the map.  

A ratio or representative fraction indicates how many units on the earth's surface is equal to one unit on the 
map. It can be expressed as 1/21,000,000 or 1:21,000,000. In this example, one centimeter on the map 
equals 21,000,000 centimeters (210 kilometers) on the earth ́s surface, this is a numerical scale (Pict.10A); a 
graphic scale it is a simply line (ruler bar) marked with the correspondence between the distance on the map 
and the distance on the earth ́s surface (Pict.10B).  
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Picture 10A – Map of the Iberian Peninsula at a numerical scale: 1:21,000,000;  

 
0 420 km  

 
Picture 10B – The same map of the Iberian Peninsula at a graphic scale:  

1 __ 420Km  

 

The maps also allow locating one place relative to another, on the earth's surface, using the Compass Rose 
(Pict.11). For example Spain is located east of Portugal.  

 
Picture 11  

To calculate distances on a map, using the scales, it is necessary to use the concept of direct proportionality: 
two quantities x and y are directly proportional if the ratio between them is constant:  
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, where k is a nonzero real number called a constant of direct proportionality.  

Exercise 1:  

On a map of Europe, with a numerical scale 1: 10,000,000, the distance between Almada (Portugal) and San 
Benedetto del Tronto (Italy) is 20 cm, in a straight line. Calculate the real distance, in kilometers, between 
the two cities.  

NOTE: Use the rule of three simple: =  

        
 

Exercice 2: The distance between Almada (Portugal) and Copenhagen (Denmark) is approximately 2,970 
Km. Calculate the distance in centimeters, in the EU-28 map (Pict.12), between the two cities. The map 
scale is:  

0 500 km  

Exercise 3: The distance between Almada (Portugal) and Budapest (Hungary) is approximately 3,000 Km, 
and the distance between this two cities, on a Europe map, is 30 cm. Calculate the numerical scale of the 
map indicated in centimeters.  

NOTE: Use the rule of three simple: =  

  
Picture 12  

 
3 - Statistics applied to Geography: demography rates  

Quantitative and qualitative analysis are important. Statistics and measurement are used commonly in our 
lives like making home purchase decisions, setting up investments and weather variations are expressed as 
probabilities  

Geographers use statistics to describe and summarize data, make generalizations concerning complex spatial 
patterns, estimate likelihoods of outcomes for events at particular locations, use sample data to make 
inferences about a larger set of data (a population), wish to compare or associate (correlate) patterns of 
distributions.  

Basic Terms and Concepts: data element - basic element of information which we measure, data set - groups 
of data (commuting sheds of industries), observations-cases-Individuals - elements of phenomena under 
study, variable - property or characteristics of each observation that can be measured, classified or counted; 
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values may vary among set of observations: rainfall, per capita income, years of schooling.  

Exercise 1:  

Based on the data given in table 1, with some demographic figures from the eight partner countries in 2015, 
calculate the Natural Growth Rate for the countries in the table below:  

Table 1  

  
Countries  

    
Resident Population (RP)  

   
  

Total Births (TB)  
   

  

Total Deaths (TD)  
  

Denmark  5,683,483  58,205  52,555  

Greece  10,820,883  91,847  120,844  

Hungary  9,843,028  92,135  131,575  

Italy  60,730,582   
485,780  647,571  

Lithuania  2,904,910  31,475  41,776  

Poland  37,986,412  
 

369,308  

  

394,921  

Portugal  10,358,076  85,500  108,511  

Romania  19,815,481   
197,491  

260,661  

  
NOTE: NGR = TB – TD x 1000 (‰), the Natural Growth Rate (NGR) RP  

Exercise 2: The Population Pyramids, EU-28, 1 January 1994 and 1 January 2014 (% of the total 
population), show that the proportion of older people increased between 1994 and 2014 (Pict.13), the top of 
the 2014 age pyramid is broader. Which conclusion can be taken according to the evolution of the 
proportion of young people (0-15) in the same period of time?  

Picture 13 
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Exercise 3:  

Life expectancy at birth is increased by the reduced probability of dying; one of the most significant changes 
in recent decades has been the fall in infant mortality rates. Around 19 thousand children died before 
reaching one year of age in the EU-28 in 2013; the infant mortality rate fell during the 20 years from 1993 to 
2013, from 8.7 to 3.7 deaths per 1000 live births.  

Based on the data given in table 2, with some demographic figures from the eight partner countries in 2015, 
calculate the Infant Mortality Rate for the countries in the table below:  

NOTE: IMR = TID x 1000 (‰) TB  

Table 2  

  

 

 
Countries  

 

 
Total Births (TB)    

Total Infant Deaths (TID) (  

 

 
  

Denmark  58,205  216  

 
Greece  

 
91,847  364  

 
Hungary  

 
92,135  383  

Italy  485,780   
1,398  

Lithuania  31,475  132  

Poland  369,308   
1,476  

Portugal  85,500   
250  

Romania  197,491   
1,500  
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